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The a n a ly s is  o f  s t r u c t u r e s  f o r  v ib r a t i o n  and b u ck l in g  o f ten  
requ ires  t h e  s o lu t io n  o f  e ig env a lue  problems. E igenvalue problems 
d e r ived  from continuous systems a re  o f t e n  im poss ib le  t o  s o lv e  e x a c t ly ,  
and a l l  b u t  the  s im p le s t  problems r e q u i r e  approximate methods to  be 
employed. One o f  th e  most f r e q u e n t ly  used i s  th e  R ay le ig h -R i tz  method. 
In th e  R ay le igh -R itz  method th e  s o l u t i o n  i s  r e p r e s e n te d  by a  l i n e a r  
combination o f  fu n c t io n s  which s a t i s f y  th e  geom etr ic  boundary cond i­
t i o n s  o f  th e  system.
n
w. = y a. .q .  . (1 .1)
'  3=1 :
In Eq. (1 .1 )  w  ̂ are  th e  dependent v a r i a b l e s ,  u s u a l ly  d e f l e c t io n s ,  a^^ 
a re  undetermined c o e f f i c i e n t s ,  and q . a re  assumed f u n c t io n s ,  u s u a l ly  
a complete s e t  o f  l i n e a r l y  independent fu n c t io n s .  The R ay le ig h -R itz  
a n a ly s i s  r e s u l t s  in  an e igen va lue  problem o f  th e  form
[K]x = i[M]x . (1 .2)
The s i z e  o f  K and M i s  dependent on th e  number o f  terms used in  th e
s e r i e s  ( 1 .1 ) .  The more terms used in  th e  s e r i e s  th e  more a c c u ra t e  ■ 
w i l l  be th e  approximate s o l u t i o n  to  th e  e igen va lue  problem.
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The s ta n d a rd  method o f  us ing  t h e  R ay le ig h -R itz  a n a ly s i s  i s  
to  so lv e  !;q. (1 .2 )  s e v e r a l  times adding terms to  the  s e r i e s  (1 .1) 
each tim e u n t i l  th e  a d d i t io n  o f  terms to  th e  s e r i e s  (1 .1 )  does no t  
s i g n i f i c a n t l y  a f f e c t  th e  e igenv a lues  o f  i n t e r e s t  from Eq. ( 1 .2 ) .  This 
o f t e n  in v o lv es  s o l u t i o n  o f  la rg e  e ig en va lu e  problems which in  t u r n  r e ­
q u i r e s  la r g e  amounts o f  computer s t o r a g e  and t im e.
This  r e s e a rc h  p rov ides  a method o f  s e l e c t i n g  th e  terms in  
s e r i e s  (1 .1 )  which s i g n i f i c a n t l y  a f f e c t  each e igen va lue  o f  i n t e r e s t .  
P r i o r  t o  apply ing  th e  method, th e  g e n e ra l  f u n c t io n ,  p ,  must be chosen 
f o r  Eq. ( 1 .1 ) ,  and a t  l e a s t  one te rm , t h a t  most c lo s e ly  ap p ro x i­
mates th e  mode o f  each e igen va lue  o f  i n t e r e s t  must be chosen. The 
method d e sc r ib e d  h e re  w i l l  then  s e l e c t  th e  o t h e r  terms in  th e  s e r i e s  
(1 .1 )  which a r e  s i g n i f i c a n t  to  each e ig en v a lu e  o f  i n t e r e s t .  This  
w i l l  n e c e s s a r i l y  reduce th e  s i z e  o f  t h e  e igen va lue  problem (1 .2) r e ­
q u i r e d  f o r  o b ta in in g  a c c u ra te  answ ers .  The method w i l l  reduce  th e  
computer s t o r a g e  and computation t im e  re q u i r e d .  I t  should  g en e ra te  
more co n f iden ce  in  the  answers o b ta in e d  because  the  e f f e c t  o f  many o f  
th e  terms o m it ted  from th e  s e r i e s  (1 .1 )  w i l l  be approxim ately  known.
This  re s e a rc h  was o r i g i n a l l y  d i r e c te d  toward th e  use  o f  a
T ay lo r  s e r i e s  expansion o f  th e  e ig en v a lu es  as an a id  to  s o lv in g  e ig e n ­
v a lu e  prob lem s. The T a y lo r ' s  s e r i e s  was an expansion of  th e  e ig en ­
v a lu e s  as fu n c t io n s  o f  th e  o f f -d ia g o n a l  elem ents of the  K and M 
m a t r i c e s  in  Eq. ( 1 .2 ) .  This i n v e s t i g a t i o n  led  to  th e  d is co v e ry  t h a t  
th e  T a y lo r ' s  s e r i e s  expansion of  th e  e ig en v a lu es  could be used to  
s e l e c t  terms f o r  th e  R ay le ig h -R itz  a n a ly s i s .
The method p re s e n te d  he re  uses e x p l i c i t  e x p re s s io n s  f o r  th e  
d e r i v a t i v e s  o f  e ig e n v a lu e s  and e ig e n v e c to rs  w ith  r e s p e c t  to  e lem ents  
o f  th e  K and M m a tr ices  i n  Eq. [1 .2 ) .  The f i r s t  d e r i v a t i v e  e x p re s s io n s ,  
as w i l l  be  d is c u ssed  in  Chapter I I ,  have been d e r iv e d  and used  e l s e ­
where, b u t  t h i s  i s  th e  f i r s t  p u b l i c a t io n  known to  th e  a u th o r  which de­
r i v e s  and uses e x p re s s io n s  f o r  th e  second d e r i v a t i v e s  o f  th e  e ig e n ­
v a lu e s  with r e s p e c t  to  elements o f  th e  K and M m a t r i c e s .
In  Chapter I I  a d is c u s s io n  o f  the  T a y lo r ' s  s e r i e s  i s  p re se n ted  
and th e  eq u a t io ns  f o r  th e  d e r iv a t i v e s  a re  o b ta in e d .  In  C hap te r  I I I  
th e  R ay le igh -R itz  a n a ly s i s  i s  ex p la in ed  and th e  new approach f o r  so ­
l u t io n  i s  fo rm u la ted .  The method i s  a p p l ie d  to  v a r io u s  problems and 
th e  r e s u l t s  a re  d is c u s se d  in  Chapter IV. C hapter V c o n ta in s  th e  con­
c lud ing  remarks about t h i s  r e s e a rc h .
CHAPTER I I
TAYLOR SERIES APPROXIMATION FOR EIGENVALUES 
AND EIGENVECTORS
In th e  des ign  o f  s t r u c tu r e s ,  th e  dynamic a n a ly s i s  o f t e n  i n ­
v o lves  s o l u t i o n  o f  th e  a lg e b r a ic  e igenva lue  problem;
[K]x = X[M]x . (2 .1 )
The K and M m a tr ic e s  a r e  n by n in  s i z e ,  o f te n  symmetric. The e l e ­
ments o f  th e  K and M m a t r i c e s  a re  fu n c t io n s  of  th e  des ign  param eters  
o f  t h e  s t r u c t u r e .
Many t im es a s t r u c t u r a l  system i s  a n a l y t i c a l l y  fo rm ula ted ,  
th e  e ig env a lu e  problem, ( 2 .1 ) ,  i s  s o lv e d ,  th en  m o d i f i c a t io n s  a re  made 
to  t h e  system. S o lu t io n  o f  (2 .1) can be fo rm id ab le ,  so  i t  would be 
advantageous t o  be ab le  to  c a l c u l a t e  some o f  th e  im portan t  n a tu r a l  
f r e q u e n c ie s  o f  a modified  s t r u c t u r a l  system w itho u t  com pletely  so lv in g  
Eq. (2 .1 ) a g a in .  Perhaps many d i f f e r e n t  changes in  th e  s t r u c t u r a l  
system a re  p o s s ib le  and i t  i s  d e s i r a b l e  to  determ ine  which change i s  
optimum r e l a t i v e  t o  th e  n a tu r a l  f r e q u e n c ie s  o f  th e  sys tem . Solv ing  
Eq. (2 .1 )  many times t r y in g  d i f f e r e n t  combinations o f  th e  p o s s ib le  
changes may be very  t im e  consuming and expensive .
Much work has been done over th e  p a s t  few y ea rs  in  d e te rm in ing  
the  n a tu r a l  f r e q u e n c ie s  o f  modified  s t r u c t u r a l  systems from th e  e ig e n ­
v a lu e s  o f  th e  o r i g in a l  s t r u c t u r a l  sys tem  w ith o u t  com ple te ly  s o lv in g
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th e  e igen va lu e  problem a g a in .  Local m o d i f i c a t io n s  o f  f i n i t e  magni­
tude  of  a system such as th e  a d d i t io n  o f  a co n ce n t ra ted  mass o r  l i n e a r  
sp r in g  have been so lved  s u c c e s s f u l ly  w ith  th e  computation reduced com­
pared  t o  reworking th e  e n t i r e  e igen va lu e  problem. For d is c u s s io n s  and 
examples o f  t h i s  see  Ref.  [ 1 , 2 ,3 ] .
I f  sm all  changes a re  made in  th e  param eters  o f  th e  s t r u c t u r e ,  
an approxim ation  to  the  i 'th  e ig en v a lu e  o f  th e  modified  s t r u c t u r e  may 
be o b ta in ed  by a T ay lo r  expansion o f  th e  i^^  e igenva lue
1 2 2 
a 2 ( i i )
" ' ^Sp- ’Sp ^  ( A P i l f A p g ) *  •••]■*• . . .  ( 2 . 2 )
where p , p , . . .  a r e  des ign  param eters  o f  th e  s t r u c t u r e  and (k . )  i s  
i  Z 1 0
th e  i^^  e ig en va lu e  o f  th e  unmodified system. The same typ e  of expan­
s io n  could be used to  approximate th e  new e ig e n v e c to rs  o f  a modified  
s t r u c t u r e .
The v i t a l  s t e p  in  e f f e c t i n g  an expansion o f  t h i s  type  i s  the  
c a l c u l a t i o n  o f  the  d e r i v a t i v e s  of th e  e ig e n v a lu e s  and e ig e n v e c to rs  
with  r e s p e c t  t o  th e  d es ign  p aram eters  o f  th e  s t r u c t u r e .
E x p l i c i t  ex p re s s io n s  f o r  th e  f i r s t  d e r i v a t i v e s  o f  th e  e ig e n ­
v a lu e s  and e ig e n v e c to r s  have been known f o r  a number o f  y e a r s . In 
1947 Coulson and Longuet-Higgins [4] used th e  d e r i v a t i v e s  in  m olecu la r
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o r b i t a l  th e o ry ,  as d id  Brown and B a sse t t  [5] in  1958. In 1952 
W it t r ic k  [6] p re s e n te d  th e  ex p re s s io n  f o r  th e  f i r s t  d e r i v a t i v e  o f  an 
e igenva lue  and demonstrated  how i t  cou ld  be used in  b u c k l in g  and v i ­
b r a t i o n  problems. R ecently  s e v e r a l  a u th o rs  have used th e  f i r s t  de­
r i v a t i v e s  o f  e ig en v a lu e s  and e ig e n v e c to r s  with  r e s p e c t  t o  d e s ig n  p a ra ­
meters in  "dynamic o p t im iz a t io n "  p ro ce d u re s .  Zarghamee [7] used the  
ex p re s s io n  f o r  th e  f i r s t  d e r i v a t i v e  o f  a frequency in  a method to  
maximize th e  lowest frequency o f  a s t r u c t u r a l  system o f  given w eight 
vary ing  on ly  t h e  s t i f f n e s s e s .  The d e r i v a t i v e  o f  frequency  exp ress io n  
was used by Rubin [8 ,9 ]  in  an i t e r a t i o n  type procedure  f o r  dynamic 
o p t im iz a t io n  o f  a complex s t r u c t u r e .  The o p t im iz a t io n  was f o r  l e a s t  
weight w h i le  s a t i s f y i n g  s p e c i f i c  frequency  req u i re m en ts .  Fox and 
Kapoor [10,11] have a l s o  used th e s e  ex p re s s io n s  in  a s t r u c t u r a l  o p t i ­
m iza t io n  procedure  which des igns  f o r  minimum w eight w h ile  s a t i s f y i n g  
dynamic s t r e s s ,  d isp lacem en t ,  and n a t u r a l  frequency r e s t r a i n t s .
McCalley [12] used d i f f e r e n t i a l  ex p re s s io n s  f o r  changes in 
e ig en v a lu es  and e ig e n v e c to rs  in  an e r r o r  a n a ly s i s  fo r  e ig en va lu e  p ro ­
blems. In a t r e a tm e n t  o f  e ig env a lue  problems w ith  s t a t i s t i c a l  p ro p e r ­
t i e s ,  C o l l in s  and Thomson [13] used th e  f i r s t  p a r t i a l  d e r i v a t i v e  of  
e ig en v a lu es  and e ig e n v e c to rs  w ith  r e s p e c t  to  e lem ents  o f  th e  s t i f f n e s s  
and mass m a t r i c e s .
Two a u th o r s .  Bellman [14] and Wilkinson [15] have d is c u s se d  
p e r t u r b a t io n s  o f  e igenva lues  and e ig e n v e c to r s  f o r  th e  s tan d a rd  a lg e b r a ic  
e igen va lue  problem
P ] x  = X[I]x  . (2 .3)
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’I'he p e r t u r b a t io n s  in  th e  e igen va lues  and e ig e n v e c to r s  were due to  p e r ­
tu r b a t io n s  in  th e  D m a t r ix .  The d e r i v a t i v e s  which we have d is cu ssed  
p re v io u s ly  can be o b ta in ed  from t h i s  p e r t u r b a t io n  th e o r y .
Rogers [16] p r e s e n te d  the  d e r i v a t i v e  o f  an e ig env a lu e  and an 
e ig en v e c to r  f o r  a very  g e n e ra l  system in c lu d in g  m a t r i c e s  no t  symmetric, 
r e a l ,  o r  h e rm i t ia n .
In th e  p u b l i c a t i o n s  p r e v io u s ly  mentioned, only  th e  f i r s t  de­
r i v a t i v e s  o f  th e  e ig en v a lu e s  and e ig e n v e c to r s  were u sed .  In  th e  p ro ­
cedures ap p ly ing  i t e r a t i o n  te c h n iq u e s ,  the  d e r i v a t i v e s  were used to  
p r e d i c t  th e  s i g n ,  p o s i t i v e  o r  n e g a t i v e ,  and th e  r e l a t i v e  magnitude o f  
the  changes in  e ig en v a lu es  due to  changes in  v a r io u s  pa ram ete rs  o f  
th e  system. T h is  in fo rm a t io n  gave an i n d i c a t i o n  o f  what changes in 
the  param eters  would be most d e s i r a b l e .  A f te r  making t h e  changes t o  
th e  param eters  th e  new e ig en v a lu e s  were c a l c u l a t e d ,  n o t  n e c e s s a r i l y  
u s in g  th e  d e r i v a t i v e  e x p re s s io n s .  However, in  some o f  th e  procedures 
the  f i r s t  two terms of th e  T ay lo r  s e r i e s ,  Eq. (2 .2 ) ,  were used to  
c a l c u l a t e  a f i n a l  e ig en v a lu e .
An i n f i n i t e  T ay lo r  s e r i e s  i s  a c c u ra t e  ove r  a c e r t a i n  i n t e r v a l  
o f  th e  independent v a r i a b l e ,  bu t  t h i s  i n t e r v a l  i s  n o t  known in  the  
expansion o f  e ig e n v a lu e s  d is c u s se d  h e r e .  A t r u n c a te d  T ay lo r  s e r i e s  
i s  s t r i c t l y  a c c u r a t e  on ly  f o r  i n f i n i t e s i m a l  changes in  th e  pa ra m e te r s ,  
so i f  f i n i t e  changes a r e  co n s id e red  in  an expansion o f  e ig en v a lu e s ,  
the  f i n a l  e ig en v a lu e  w i l l  be  in  e r r o r  by some amount. As f a r  as th e  
au thor  knows t h e r e  i s  no simple method to  determ ine  th e  magnitude o f  
th e  e r r o r s .  Fox and Kapoor [10] do t a b u l a t e  th e  e r r o r s  f o r  a s p e c i a l
case in  which th e y  c a l c u l a t e d  e ig en v a lu e s  by u s in g  th e  d e r i v a t i v e s ,  
bu t  t h i s  in fo rm a t io n  cannot be used to  de term ine  th e  e r r o r  f o r  o th e r  
p rob lem s.
In th e  o r i g i n a l  s t a g e s  o f  t h i s  r e s e a rc h  i t  was h y p o th es ized  
t h a t  i f  th e  d e r i v a t i v e s  o f  th e  e igen va lues  w ith  r e s p e c t  to  design 
param eters  could be c a l c u l a t e d ,  a r e c u r s io n  r e l a t i o n  might be found 
f o r  th e  terms in  th e  T ay lo r  s e r i e s  ( 2 .2 ) .  A g en e ra l  term  might be 
found f o r  th e  s e r i e s  and th e  v a lu e s  o f  Ap f o r  which the  s e r i e s  con­
verged might be  shown. P o s s ib ly  a rem ainder  could  be c a lc u la te d  a f t e r  
th e  s e r i e s  was t r u n c a te d .  S u b s t a n t i a t i o n  o f  t h i s  h y p o th es is  was n o t  
s u c c e s s f u l ,  b u t  th e  work toward t h i s  s u b s t a n t i a t i o n  led  to  th e  u se  of 
d e r i v a t i v e s  o f  e ig env a lues  and e ig e n v e c to rs  in  chosing terms f o r  a 
R ay le ig h -R itz  a n a l y s i s .
C a lc u la t io n  o f  th e  d e r i v a t i v e s  in  th e  manner o f  p rev ious  de­
r i v a t i o n s ,  f o r  in s ta n c e  [10] becomes tremendously complex a f t e r  th e  
f i r s t  d e r i v a t i v e .  The fo l low in g  method o f  o b ta in in g  th e  d e r i v a t i v e s ,  
which s i m p l i f i e s  th e  a lg e b ra ,  was u sed .  The design  v a r i a b l e s  were 
s imply to  be t h e  elements o f  th e  s t i f f n e s s  and mass m a t r i c e s .  S ince 
th e  e ig e n v e c to r s  o f  an o r i g i n a l  problem a re  known, and th e  modal 
m a t r ix  may be used to  d ia g o n a l iz e  th e  o r i g i n a l  K and M m a t r i c e s ,  th e  
problem was fo rm ula ted  as fo l lo w s .  The o r i g i n a l  e igenva lue  problem
" ..
^11^12 • • M n ^11^12 ■ • "in f X
^21^22 • . - ^2 ®n"'22 ■ . - ^2
: < > < : >
- - -X - - =
% 1  - “nn . <  y
(2 .4)
The proposed changes to  be made to  th e  K and M m a t r i c e s  a r e :




, and AM' =
Am.', Am' . . .  Am; 
11 i z  in
Am^  ̂ Am^2
Am
h i . . .  Am'nn
(2.5)
A f te r  th e  o r i g in a l  e ig en v a lu e  problem (2.4) has been so lv e d ,  th e  
modal m a t r ix  may be used f o r  a co o rd in a te  t r a n s fo r m a t io n .  This  d i -  
a g o n a l iz e s  th e  o r i g i n a l  K' and M' m a t r ic e s  and changes th e  v a lues  o f  
th e  AK' and AM' m a t r i c e s .  The modal m atr ix  i s  the  m a t r ix  o f  e ig en ­
v e c t o r s ,
[X] = (2 . 6)
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The co o rd in a te  t r a n s fo rm a t io n  i s  made
m = [X] [ K ' ] [ x ]
m = [x ]^ [M '][x ]
[AK] = [X]^[AK-][X]
[AM] = [X]T[AM'][X] .
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w ith  changes
=  0

















We seek th e  e igenva lues  f o r  th e  problem 
[K+AK]£ - k[M+AM]3c = 0 .
Equation (2 .8) i s  an e igen va lu e  problem with n  e igen va lu es
(2 . 10)
( 2 . 11)










- - /  ®nn
( 2 . 12)
The approximation to  th e  i'^h e ig env a lue  o f  t h e  m odif ied  problem, Eq. 
(2 .1 0 ) ,  w i l l  be
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3 2 (k i ) ,
T  (Akil) +
Smii^ “ i P  " 3m,,3m,
11 12
(Am^^)(Am^2^ . . . .  . 2 ^ ^ ^ ^ ^ ( A m ^ j )  (A k^^ .  . . .
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1 3
+ y t  [-------- ^  + • • • ]+  ••• • (2 .13)
Now th e  d e r i v a t i v e s  o f  th e  e ig e n v a lu e s  w ith  r e s p e c t  t o  th e  
elem ents  o f  th e  K and M m a t r i c e s  must be c a lc u la te d .
D e r iv a t iv e s  o f  E igenvalues
The d e r i v a t i v e s  o f  th e  e ig en v a lu e s  in  which we a re  i n t e r e s t e d  
w i l l  be  those  from Eq. (2 .8 ) in  which th e  K and M m a t r i c e s  a r e  d i ­
ago na l .  These d e r i v a t i v e s  a re  ob ta in ed  as fo l lo w s ,  see  [1 0 ] .  I f  
and a re  a co rresp on d ing  e igen va lue  and e ig e n v e c to r
[K]x^ - = 0 . (2 .14)
TP r e m u l t i p l i c a t i o n  by g ives
J [ K ] x ^  - X^x|[M]x^ = 0 . (2.15)
D i f f e r e n t i a t i o n  w ith  r e s p e c t  t o  g iv e s
[K]:i + xl[âîr-]:.i + xI[K]
r s  r s  r s  rs
axT ax [2-16]
- ^  [M]x^ - x^x^ [ a i r " ^ - i  ■ W~ ^ ° •
r s  r s  r s
The f i r s t  and t h i r d  term s in  Eq. (2 .16) a r e  equal as a re  t h e  f i f t h  
and seven th  terms because  K and M a re  symmetric. These terms com­
b in e  t o  g ive _
3x.
^ 3 k^[K -^ iM ]x .  ,
r s
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which is  equal to  ze ro  by Eq. (2 .1 4 ) .  The s i x t h  term in  Eq. (2 .16) 
i s  ze ro .  This leaves
r s  r s
S ince  th e  e ig en v e c to rs  have been taken  as M-orthonormal
jJ[M ]x. = 1 . (2.18)
T h e re fo re ,
Now t o  e v a lu a te  t h i s  f u r t h e r ,  (x^)^  i s  a v e c to r  w ith  a l l  terms zero
excep t  th e  i^ ^  te rm ,  se e  Eq. (2 .1 2 ) .  The term i s  any term in
th e  K m a t r ix ,  so  [-rr— ] w i l l  have a l l  terms zero  excep t  th e  terms 
dKrs
( r , s )  and ( s , r ) ,  which w i l l  be 1 .0 .  T his  lead s  t o  
3 (^ i )
°  = IT T  • (2.20)s i  0 r i ^ o  i r  i s  ® ü  
(Xg^)^ i s  th e  s'^^ te rm  o f  th e  e ig e n v e c to r  (x^^)^. T h is  means t h a t
3(%i)o
3 k ; ; ^ = ° ’ 3 ^ - "  (2.21)
and
3 ( ^ j ) o  J _
3k_i = m . . (2 . 22)
Equation (2 .21) can be  s u b s t a n t i a t e d  p h y s i c a l l y .  In  th e  s e r i e s  
(2 .13) any d e r i v a t i v e  c o n ta in in g  an odd power o f  an o f f -d ia g o n a l
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p a ram ete r  must be zero .  T his  i s  t r u e  because  a change o f  co o rd in a te s  
w i l l  change th e  s ig n  o f  s e v e r a l  off d iag o n a l  elements and AmUj.
I f  th e  d e r i v a t i v e s  co n ta in in g  odd powers o f  Anu^ o r  Ak^^ were no t  
z e ro ,  th e  terms co n ta in in g  th e s e  d e r i v a t i v e s  would change s ig n  with 
a c o o rd in a te  change. This  means t h a t  t h e  e ig e n v a lu e s  would change 
v a lu e s  with a change in  c o o rd in a te s  which o b v io us ly  cannot be  c o r r e c t .  
In th e  same manner
= ^ . 0 ,
r r  r s
3 ( l i )  X .
- 5 : 7 ^ =  -K T T  '
To ge t  th e  second d e r i v a t i v e  o f  th e  e ig env a lue  w ith  r e s p e c t  
t o  d i f f e r e n t i a t e  Eq. (2 .17 )  ag a in .
7 2
a V  3 2 r  8  X .  _
r s  r s
T3 X .  3 x .  3 1 .  _
r s  r s  r s  r s
The second and f i f t h  terms o f  Eq. (2 .25)  a r e  z e ro ,  
i  SK 3^X. Y 2̂5.4
:  r t r k i  -  — 7  -  2 —  —  M i i  ■ «
r s  r s  9k  ̂ r s  r s
r s
A pplying Eq. (2 .1 8 ) ,
3xT 3X. 9xT
9k ^ r s  r s  r s  r s
r s
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The d e r i v a t i v e s  o f  th e  e ig e n v e c to r s  w ith  r e s p e c t  t o  and a re  
shown in  th e  n ex t  s e c t i o n .  S u b s t i t u t i n g  th e  d e r i v a t i v e  o f  t h e  e ig e n ­
v e c to r  w ith  r e s p e c t  t o  i n t o  Eq. (2 .27) and f u r t h e r  e v a lu a t in g  as 
was done f o r  Eq. (2 .19) r e s u l t s  in
) k r s ' * r r O s s [ ( A s ) o ' ( ^ r ) o ]  
3 : ( k i )
, s ;( r  . (2 .28)
° 0 . (2 .29)
In th e  same way
0
amrs? ■ ”>rr “ s s t t ^ s ^ o ' ^ V o ^  ’ 
2(Xi),0 '  ■‘ 0
3 m ..2 (m ..)2
11 11
s ^ r  (2 .30)
(2.31)
The mixed second p a r t i a l  d e r i v a t i v e s  a re  found to  be zero
a :(X i)
°  = 0 (2 .32)




3 : ( k i )
^  = 0 r  # i  (2 .34)




Following th e  same procedure  h ig h e r  d e r i v a t i v e s  can be 
ev a lu a ted  bu t  w i l l  no t be  needed h e re .
D e r iv a t iv e s  of E igenvec to rs  
S ince  th e  e ig en v e c to rs  form a complete s e t  o f  v e c to r s  any 
d e r i v a t i v e s  o f  th e  e ig e n v e c to r  can be r e p r e s e n te d  by a l i n e a r  com­
b in a t io n  o f  th e  e ig e n v e c to r s ,  as in  [7 ,10]
D i f f e r e n t i a t i n g  Eq. (2.14) w ith  r e s p e c t  t o
:iv ax 3k. 3x
[— l i i ^ K ] —  - — [M]x^ - k^L— ]x. - k. [ M ] - ^  = 0 . (2.37)
r s  r s  r s  r s  r s
The fo u r th  term  in  Eq. (2 .37) i s  zero .
3k.
r s  r s  rs
S u b s t i t u t i n g  Eq. (2 .36) in t o  Eq. (2 .38)
[ M . M l  I t ,  X .  . (2 .39)
] = 1  r s  r s
TP re m u lt ip ly in g  bo th  s id e s  by
2^  W  . 2 b , I  b ,  i  = - Mix, (2.
j= l  • j= l  r s  r s
40)
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T his  s i m p l i f i e s  to
- b ik ^ i  = • s è ’
x l t â l * -  - T R Î -  M ] a  
b ik  = - - - - - i " : - ; ; - : : — . k f  i  . c - 4 : )
1 K
Now d i f f e r e n t i a t i n g  Eq. (2 ,18) w ith  r e s p e c t  t o  gives
= 0 - ( 2 - 4 : )r s  r s
S u b s t i t u t i n g  Eq. (2 .36) i n t o  (2.45)
b . . X . [M]x. = 0 (2.45)
1 1  —i'- 1
T h ere fo re  b^^ = 0 . (2 .46)
Equation (2.36) can now be  w r i t t e n  as
T , 3K 3^i
i / i
F u r th e r  e v a lu a t io n  g ives  th e  r e s u l t
3 (% ii)o
: k r s
= 0 (2 .48)
---------------^ r m ^ s i -----------------   ̂ i  . (2 . 4 9 )
3k
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In th e  same manner th e  d e r i v a t i v e  o f  th e  e ig en v e c to rs  w ith  
r e s p e c t  to  can be ob ta ined .
*ir *is (2.50)
- =  ^i_s _  _ m ^ i  . (2.51)
" r s E^s^o ■ (^r)o]Mrr *^ss
Higher d e r i v a t i v e s  o f  the  e ig e n v e c to rs  can a l s o  be o b ta in e d ,  bu t  
a r e  no t needed h e re .
The e x p l i c i t  ex p re s s io n s  f o r  th e  second d e r i v a t i v e s  o f  th e  
e igen va lues  w ith  r e s p e c t  t o  e lem ents  o f  th e  K and M m a tr ix  have been 
d e r iv e d  h e re  f o r  th e  s p e c i a l  case  o f  a d iagona l K and M m a t r ix .  In 
t h i s  s p e c i a l  case th e  second d e r i v a t i v e s  a re  needed because  th e  f i r s t  
d e r i v a t i v e s  a re  ze ro .  In th e  nex t  ch a p te r  th e  d e r i v a t i v e s ,  Equations 
(2 .2 8 ) ,  (2 .3 0 ) ,  and (2.51) a re  used in  th e  method o f  s e l e c t i n g  terms 
f o r  a R ay le igh -R itz  a n a ly s i s .
CHAPTER I I I
FORMULATION OF METHOD TO CHOOSE TERMS FOR 
RAYLEIGH-RITZ ANALYSIS
As noted  in  th e  in t ro d u c t io n ,  th e  R ay le ig h -R i tz  method i s  an 
approximate method o f t e n  used in  so lv in g  e ig en va lu e  problems f o r  
s t r u c t u r a l  sys tem s. S t r i c t l y ,  i t  i s  a g e n e ra l  p rocedure  used  f o r  
s o lv in g  v a r io u s  ty p e s  o f  v a r i a t i o n a l  p rob lem s,  se e  [1 7 ,1 8 ] ,  b u t  he re  
th e  i n t e r e s t  i s  in  e ig en va lu e  problems f o r  s t r u c t u r a l  sys tem s .
R ay le ig h -R i tz  A nalys is  
For th e  R ay le ig h -R itz  method th e  assumed d e f l e c t i o n  s o lu t i o n  
i s  r e p re se n te d  by a l i n e a r  combination o f  fu n c t io n s  which s a t i s f y  
th e  geom etric  boundary c o n d i t io n s  o f  th e  system.
w. = 2 a  <J) , (3 .1 )
1 j= l  J
where w  ̂ i s  th e  d e f l e c t i o n ,  a re  undeterm ined  c o e f f i c i e n t s ,  and 
bj a re  th e  assumed f u n c t io n s .
R a y le ig h 's  P r i n c ip l e  s t a t e s  t h a t  a c o n se rv a t iv e  system v i ­
b r a t i n g  about an eq u i l ib r iu m  p o s i t i o n  has a s t a t i o n a r y  v a lu e  o f  f r e ­
quency in  th e  neighborhood o f  a n a tu r a l  mode. In  th e  neighborhood
19
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o f  th e  fundamental mode, th e  s t a t i o n a r y  v a lu e  i s  a  minimum. R a y le ig h 's  
q u o t i e n t  may be expressed  in  th e  form, se e  [1 9 ] ,
V
X = R(w) = , (3 .2]
where X = i s  th e  maximum p o t e n t i a l  energy o f  th e  sys tem  in
f r e e  v i b r a t i o n ,  and T* i s  t h e  maximum k i n e t i c  energy o f  th e  system
in  f r e e  v ib r a t i o n  d iv id ed  by w^. V and T* a re  fu n c t io n s  o f  th e'  max
s p a t i a l  c o o rd in a te s  o f  th e  system. In th e  R ay le ig h -R itz  method, th e  
s e r i e s  Eq. (3 .1 ]  i s  s u b s t i t u t e d  in t o  Eq. (3 .2 )  making Eq. (3 .2 ]  a 
f u n c t io n  o f  th e  unknown c o e f f i c i e n t s ,  . S ince  R ay le ig h 's  q u o t i e n t  
always y i e l d s  an upper bound on the  fundamental frequency  o f  th e  
sys tem , i t  i s  d e s i r a b l e  t o  have a minimum o f  R a y le ig h 's  q u o t i e n t .
The essence  o f  th e  R ay le ig h -R itz  method i s  t o  se c u re  a minimum of 
t h e  Rayleigh q u o t i e n t  with r e s p e c t  to  th e  undetermined c o e f f i c i e n t s .  
T h e re fo re  t o  secu re  t h i s  minimum th e  p a r t i a l  d e r i v a t i v e s  o f  Eq. (3 .2 ]  
a r e  taken  with r e s p e c t  to  th e  undetermined c o e f f i c i e n t s .  These 
p a r t i a l  d e r i v a t i v e s  a re  s e t  equal t o  ze ro .
V
a x  T* J
= 0 , n = 1 , 2 , 3 , . . .  . (3 .3 ]
33% 33%
. f max. .y
- 7 ^  | n . o  (3 .5 )
a ^ -  A = 0 . 3 = 1 , 2 . 3 , . . .  . (3 .6 )
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Equation  (3 .6)  i s  a  s e t  of n eq ua t ion s  which can be  r e p r e s e n te d  in  
m a tr ix  form as
[ K ' ] a '  = M M 'l i '  • (3 .7)
'Ib is  i s  a s tan da rd  e igenva lue  problem. The s o l u t io n  o f  t h i s  problem 
w i l l  y i e l d  approxim ations t o  th e  n a tu r a l  f r e q u e n c ie s  o f  th e  system and 
th e  modes o f  th e  system in terms o f  th e  assumed fu n c t io n s  q^. I f  
i s  a complete s e t  o f  fu n c t io n s ,  th e  s o l u t i o n  o f  Eq. (3 .7 )  w i l l  be an 
exac t  s o l u t i o n  o f  th e  e ig en v e c to rs  and e ig en v a lu e s  o f  th e  sys tem , p ro ­
vided  an i n f i n i t e  number o f  terms could be taken  in  th e  s e r i e s  Eq. (3.1). 
However, Eq. (3 .1 )  must be t r u n c a te d .  The more a c c u r a t e ly  th e  fu n c t io n s ,  
q . ,  d e f in e  th e  n a tu r a l  modes of  th e  sys tem , th e  fewer th e  number o f  
terms needed in  (3 .1 )  to  g e t  a c c u ra te  v a lues  f o r  th e  e ig e n v a lu e s .  In 
f a c t ,  i f  an ex ac t  mode i s  chosen f o r  q ^ , only  one term w i l l  be needed to  
y i e l d  th e  e ig en v a lu e  f o r  t h a t  mode. S ince  th e  n a tu r a l  modes a re  normal­
ly  no t  known, th e  more terms inc lu ded  in  (3 .1 )  th e  more a c c u ra t e  w i l l  be 
th e  n a tu r a l  f r e q u e n c ie s  o b ta in ed ,  b u t  th e  e ig env a lue  problem (3 .7)  w i l l  
become l a r g e r .
The u sua l  way to  app ly  th e  R ay le igh -R itz  method is  to  so lv e  the  
problem using  a c e r t a i n  number o f  terms in  th e  s e r i e s ,  Eq. ( 3 .1 ) ,  then  
re p e a t  th e  s o l u t i o n ,  adding a n o th e r  term t o  th e  s e r i e s  u n t i l  t h e  e ig en ­
v a lu e s  o f  i n t e r e s t  show a r e l a t i v e l y  sm all change when a n o th e r  term i s  
added to  th e  s e r i e s .  The number o f  terms which can be inc lud ed  in  th e  
s e r i e s  i s  u s u a l ly  l im i te d  by e i t h e r  computer s to ra g e  o r  computer time 
r e q u i r e d  to  so lve  the  e igenva lue  problem. When th e  p rocedure  o f  adding 
terms to  th e  s e r i e s  i s  s topped ,  i n  e f f e c t  th e  e igenva lue  problem, Eq.
(3 .7) ,  i s  t r u n c a te d .  There i s  no in fo rm at io n  about th e  e f f e c t  o f  th e  
terras om itted  from the  s e r i e s .  There has been no ju d ic io u s  s e l e c t i o n  
o f  th e  terms in  th e  s e r i e s .
Many terms inc luded  may have l i t t l e  e f f e c t  on th e  e ig env a lu es  in  
q u e s t io n ,  and im portan t terms may have been o m i t ted .
A method which does employ some s e l e c t i o n  o f  te rm s has been 
presen ted  by Kukudzhanov [20] .  This method has th e  fo l low in g  s t e p s :
( 1) s o lu t io n  o f  a l l  p o s s ib le  2 by 2 e ig env a lue  problems, ( 2 ) s e l e c t ­
ion  o f  th e  2 by 2 problem which g ives t h e  lowest f r equency ,  (3) then  
s o lu t io n  o f  a l l  p o s s ib le  3 by 3 problems which r e s u l t  from adding a 
term to  th e  chosen 2 by 2 problem, (4) a r e p e t i t i o n  o f  t h i s  p rocedure  
o f  b u i ld in g  th e  s i z e  o f  th e  e ig en va lu e  problem one term a t  a t im e  un­
t i l  a s a t i s f a c t o r y  s o l u t i o n  i s  o b ta in ed .  This method s e l e c t s  te rm s ,  
bu t  many e ig env a lu e  problems must be so lv e d ,  a lthough  th e  s i z e  o f  
th e s e  e ig env a lue  problems w i l l  p robably  be s m a l le r  than with th e  
s tan dard  approach.
New Method f o r  S e l e c t in g  Terras 
f o r  R ay le ig h -R itz  A nalysis
A method i s  p re sen ted  h e re  which s e l e c t s  s i g n i f i c a n t  terms in  
s e r i e s  (3 .1 ) t o  be used in  so lv in g  th e  R ay le ig h -R i tz  problem. Before 
us in g  t h i s  method, th e  g en e ra l  fu n c t io n ,  b ,  must be chosen f o r  Eq. ( 3 .1 ) .  
The K and M m a t r i c e s  a re  then  c a l c u l a t e d  f o r  n terms in  th e  assumed 
s e r i e s .  For each e igenva lue  o f  i n t e r e s t ,  one term which most c lo s e ly  
approximates th e  mode o f  i n t e r e s t  must be s e l e c t e d ,  f o r  a t o t a l  o f  m 
term s.  This  method then  s e l e c t s  th e  terras which a re  s i g n i f i c a n t  t o  
th e  e igenva lues  o f  i n t e r e s t .  The terras a re  s e le c te d  by  us in g  th e  
p a r t i a l  d e r i v a t i v e s  o f  th e  e ig en v a lu es  w ith  r e s p e c t  t o  th e  e lem ents  
o f  th e  K and M m a t r i c e s  o f  Eq. (3 .7 ) .  An e ig env a lu e  problem o f  s i z e
m is  then so lved  fo r  each e igen va lu e  of  i n t e r e s t ,  m i s  an a r b i t r a r y  
number depending on th e  problem, but m w i l l  l i k e l y  be much sm a l le r  
til an n. Information is  c a lc u la te d  about th e  approximate e f f e c t  of
th e  n-m terms om itted  from th e  e ig en va lu e  problem. A d e t a i l e d  ex­
p la n a t io n  o f  th e  method now fo l low s.
A problem, (3.7), is  form ula ted  w ith  n te rm s .  From th e s e  n te rm s ,
m terms a re  s e l e c te d  as those  terms re p r e s e n t in g  the  b e s t  approxima­
t i o n  to  th e  e igenva lues  to be c a l c u l a t e d .  The e ig e n v a lu e  problem f o r
them i s  then  p a r t i t i o n e d  as shown. The m by m subm atr ices  in  th e  upper
l e f t  hand co rners  o f  K and M c o n ta in  th e  m b e s t  approxim ation  te rm s.
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I f  th e  e igenva lue  problem i s  so lved  f o r  m te rm s ,  e igen va lu es  and 
e ig en v e c to rs  a re  ob ta ined :
Now i t  i s  d e s i r a b le  t o  know t h e  e f f e c t  of adding terms m+1 through  n 
to  th e  e igenv a lu es  i n  q u e s t io n .  As noted  in  th e  l a s t  c h a p te r ,  an ap­
proxim ation  t o  t h i s  may be  ob ta ined  by a T a y lo r  expansion about th e
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eigenva lue  in  th e  m by m problem.
1 k.
I (Ai) ,
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The c o o rd in a te s  in  Eq. (3 .8 ) can be changed u s in g  th e  modal m a t r ix  
f o r  th e  m terras f o r  which th e  e igen va lu e  problem was so lv ed .  The 
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The t r a n s fo rm a t io n  o f  co o rd in a te s  i s
[K] = [A]T[K'][A]
[M] = [A]^[M'][A] .
(3.11)
The e ig env a lue  problem i s  now th e  same as Eq. (3 .8) except f o r  a 
t r a n s fo rm a t io n  o f  co o rd in a te s .
[K]a = i  [M]a (3.12)
T h i s  can be pu t  i n t o  t h e  form
[fKJ * |/,K|] a = / [fMJ + [/.mJ  a (3.13)
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Equations (3 .14) and (3.15) a re  in  e x a c t ly  th e  same form as Eqs.
(2 .8 )  and ( 2 .9 ) .  The d e r i v a t i v e s  in  C hapter I I  have been ob ta ined  
f o r  t h i s  type  o f  matrix ,  Eq. (3.14). v.'ith changes (3 .1 5 ) .  Using th e  
f a c t  t h a t  th e  f i r s t  p a r t i a l  d e r i v a t i v e s  and mixed second p a r t i a l  
d e r i v a t i v e s  a re  z e ro ,  Eqs. (2 .23) and (2.32) to  (2.34), th e  new e igenv a lues  
can be approximated by th e  T aylor  s e r i e s .
■i ■ P i ) .  •  IT  < h ( . . 2 ) ) '
i(m+l) i.(ra+2 ) -
1 {.m+1 J
As poin ted  ou t  in  C hapter I I ,  t h i s  t r u n c a te d  equa t ion  i s  a c c u ra te  
only  f o r  very  small changes in  th e  des ign  p a ram e te r s .  I f  th e  s i g n i ­
f i c a n t  terms a r e  inc luded  in  th e  o r i g i n a l  m by m problem the  terms 
l e f t  a re  i n s i g n i f i c a n t  and Eq. (3 .16) should  g ive a good e s t im a te  of 
t h e  i''^^ e ig en va lu e  f o r  th e  n by n problem. IVhen a l l  s i g n i f i c a n t  
terms have n o t  been in c lu ded  in  th e  m by m problem, an e x c e l l e n t  i n ­
d i c a t i o n  o f  th e  terms which a re  s i g n i f i c a n t  t o  th e  i^^  e igenva lue  
a r e  given by th e  in d iv id u a l  terms from Eq. (5.16)
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2T (k is )  + y - 2 - - - ^  ( * i s ) . (3-17)
IS *is
where s i s  any o f  th e  terms m+1 through n. The in d iv id u a l  terms 
Eq. (3 .17)  do not n e c e s s a r i l y  g iv e  a good e s t im a te  o f  th e  a c tu a l  
change caused to  the  i^^  e igen va lue  when t h e  s^^ term i s  added t o  
the  e ig en v a lu e  problem, i t  only  g ives an e x c e l l e n t  i n d i c a t i o n  o f  th e  
r e l a t i v e  s i g n i f i c a n c e  o f  the  terms m+1  through  n on t h e  i^^  e ig e n ­
v a lu e .  hhen a l l  s i g n i f i c a n t  terms have been inc lud ed  in  th e  m by m 
problem, th e  terms (3 .17)  do g iv e  a good e s t im a te  o f  th e  a c tu a l  
change.
The prime o b je c t iv e  o f  t h i s  method i s  t o  de term ine  from th e  
K and M m a tr ic e s  o f  an n by n problem th e  terms which a re  s i g n i f i ­
cant in  c a l c u l a t i n g  t h e  i^h e ig en v a lu e .  For any R ay le ig h -R itz  p ro ­
blem o f  s i z e  n by n ,  th e  i^^  e ig e n v a lu e ,  be ing  one of  th e  lowest 
e ig e n v a lu e s ,  can be c a l c u l a t e d  a c c u ra t e ly  by  so lv in g  only  an m by ra 
e ig env a lue  problem. As was no ted  b e fo r e  one o f  th e  most s i g n i f i c a n t  
terms f o r  each o f  t h e  low f r e q u e n c ie s  o f  i n t e r e s t  must be in c lu ded  
in th e  o r i g i n a l  m by m problem. T his  i s  n o t  an unreasonab le  l i m i t a ­
t i o n  s i n c e  th e  geometry o f  th e  s t r u c t u r e  w i l l  a lmost always prov ide  
i n s i g h t  f o r  t h i s  ch o ice .
R a y le ig h 's  q u o t i e n t  can a l s o  be used  t o  g ive a good a p p ro x i­
mation o f  t h e  i^ ^  e ig e n v a lu e  o f  th e  problem d e f in ed  by Eqs. (3 .14) 
and (3 .1 5 ) .  For Eq. (3 .14) th e  i^^  e igen va lue  has t h e  va lue
(a . )  = “11 (3 .18)
Now us in g  th e  d e r i v a t i v e s  o f  th e  e ig e n v e c to rs  with r e s p e c t  to  elements 
o f  th e  K and M m a t r i c e s ,  Eqs. (2 .50) and (2 .5 1 ) ,  th e  e ig e n v e c to r  
can be approximated in c lu d in g  a l l  th e  terms from m+1 t o  n .
1 k.
3 ( a i ) .
k.
i(m+l) ^*i(m+l) '"i(m+l)
3ki(m+2) :» i(m + 2 )
(3 .19)
I f  th e  s i g n i f i c a n t  terms a r e  in c lu d ed  in  th e  m by m problem, Eq. 
(3 .10) should  g ive  a b e t t e r  approxim ation  o f  th e  e ig e n v e c to r ,
. R a y le ig h 's  q u o t i e n t s  u s in g  th e  new e ig e n v e c to r  should  g ive
a b e t t e r  approxim ation  to  th e  i^^  e igenva lue
J [ K ] a i
^ i  ” Ta j M ] a .
(3.20)
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Iflien a l l  th e  s i g n i f i c a n t  terms have been inc luded  in  th e  mby m p ro ­
blem, A. and (A.) from Eq. [3-lQ and A. from Eq. (3 .20) should  
A t  m A
converge to  the  same v a lu e .  Let us now r e s t a t e  th e  method s t e p  by 
s t e p .
Step by Step Procedure o f  New Method 
An e igenva lue  problem i s  to  be so lved  by th e  R ay le igh -R itz  
method. Taking n terms in  th e  s e r i e s  ( 3 . 1 ) ,  e lem ents  have been 
c a l c u l a t e d  fo r  th e  K and M m a tr ix  in  Eq. ( 3 .7 ) .
[ K '] a '  = A[M']a' . (3.7)
Step  1 . For each o f  th e  e ig en v a lu es  of i n t e r e s t ,  choose a t  l e a s t
one term in  th e  s e r i e s  (3 .1 )  which most c lo s e ly  r e p r e s e n t s  th e  mode
o f  i n t e r e s t .  The geometry o f  th e  s t r u c t u r e  w i l l  be  im po rtan t  in
d e te rm in ing  which terms to  in c lu d e .  E xperience has shown t h a t  th e
terms which have th e  lowest v a lu e s  o f  k . . / r a . .  from Eq. (3 .7 )  a re
11  11 ^
o f t e n  th e  most s i g n i f i c a n t  terms in  the  lower f r e q u e n c ie s .  I f  
th e r e  i s  any doubt,  th e  terms w ith  th e  lowest v a lues  of 
should  be in c lu d ed .
Step 2 . The term s which have been s e l e c t e d  in  Step 1 make up an 
e ig env a lue  problem o f  s i z e  m by m. This problem shou ld  be so lved ,  
p ro v id in g  m e ig env a lu es  and e ig e n v e c to r s .
S tep  3 . A c o o rd in a te  t r a n s fo rm a t io n  i s  now e f f e c t e d  u s in g  th e  m 
e ig e n v e c to r s  from Step 2, see  Eqs. (3 .10) and (3 .1 1 ) .  The problem 
can now be v i s u a l i z e d  as
[[KJ + [iK]j a = X + a . (3 .13)
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Step 4 . A new approxim ation  f o r  th e  e ig en va lu e  can be c a l c u l a t e d  
us ing  th e  T ay lo r  s e r i e s  (3 .16)  r e a r ran g ed  he re
■■■
(3 .21)
A new approxim ation  to  th e  i^^  e ig env a lue  can a l s o  be  c a l c u l a t e d  
us ing  e x p re s s io n s  (3 .19) and (3 .2 0 ) .  The i^^  e ig env a lue  in  th e s e  
eq u a t io n s  r e f e r s  to  th e  e ig en va lu e  a s s o c ia te d  w ith  th e  i^^  terra in  
th e  problem (3 .1 3 ) .  Most l i k e l y  t h e  lowest e ig env a lu e  i s  o f  i n t e r ­
e s t .  Let us assume t h a t  th e  low est e igen va lue  i s  a s s o c i a t e d  w ith  
th e  i^^  te rm , i . e . ,  a f t e r  th e  c o o rd in a te  t r a n s fo r m a t io n  k.-^/m^^ i s  
th e  s m a l l e s t  o f  th e s e  p o s s ib l e  terms from (3 .1 3 ) .  I f  from Eq. 
(3 .2 1 ) ,  A. from Eq. (3 .2 0 ) ,  and (A^)^ from Eq. (3 .21) a r e  n e a r l y  
e q u a l ,  th e n  Â  w i l l  be n e a r l y  as a c c u ra te  as i f  th e  n by n e ig e n ­
v a lu e  problem had been so lv e d .  An e v a lu a t io n  o f  " n e a r ly  e q u a l"  and 
"n e a r ly  as a c c u ra te  as"  from th e  p rev iou s  sen ten ce  w i l l  be made in  
th e  n ex t  c h a p te r .
I f  th e  A^’s from Eqs. (3 .20)  and (3.21) a re  no t  re a so n ab ly  
e q u a l ,  th en  th e r e  a re  terms which a r e  s i g n i f i c a n t  to  th e  i^ ^  e ig e n ­
v a lu e  which have no t  been in c lud ed  i n  t h e  m by m problem.
Step 5 . The s i g n i f i c a n t  terms axe i n d i c a t e d  by th e  i n d i v id u a l  terms 
in  Eq. (3 .2 1 ) .  The r  most s i g n i f i c a n t  o f  th e s e  terms shou ld  be 
chosen and added to  th e  m by m e ig e n v a lu e  problem. The p roced u re
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o u t l in e d  h e re  should  be rep ea te d  s t a r t i n g  w i th  Step 2. The new p r o ­
blem in  S tep  2 w i l l  be  o f  s i z e  (m+r) by (m +r). r  i s , o f  co u rse ,  o f  
a r b i t r a r y  s i z e .  The procedure  should  be r e p e a te d  from S tep  2 u n t i l  
an a c c u ra te  va lue  o f  i s  o b ta in ed .
The procedure  shou ld  be c a r r i e d  out from S tep  4 f o r  each 
e ig env a lu e  o f  i n t e r e s t .
Completion o f  t h i s  method w i l l  y i e l d  th e  e ig en v a lu es  o f  i n ­
t e r e s t  c a l c u l a t e d  to  n e a r ly  th e  same accuracy  as th e  n by n problem 
by so lv in g  on ly  a few (m+r)by(m+r) e ig en v a lu e  problems, where (m+r)<n. 
The r e l a t i v e  magnitudes o f  m+r and n depend upon th e  problem and th e  
accuracy  d e s i r e d .
The s t e p  by s t e p  procedure  has been computer programmed. An 
ex p la n a t io n  and l i s t i n g  of  the  program i s  in  th e  Appendix. The s t e p  
by s t e p  procedure  l i s t e d  h e re  i s  not n e c e s s a r i l y  r i g i d .  The b a s i c  
id e a  is  to  use  th e  in d iv id u a l  terms in  Eq. (3 .21) t o  i n d i c a t e  which 
s i g n i f i c a n t  terms have been l e f t  o f  th e  problem f o r  th e  e igenva lues  
o f  i n t e r e s t .  Many d i f f e r e n t  p rocedures  could  be used and may have 
been ,  b u t  th e  procedure  l i s t e d  h e re  and programmed seemed to  be a 
good g e n e ra l  p roced u re .  The n ex t  c h a p te r  w i l l  p re s e n t  some a p p l i c a ­
t i o n s  o f  t h i s  method.
CHAPTER IV 
APPLICATIONS OF THE METHOD
An e v a lu a t io n  and i n v e s t i g a t i o n  o f  t h i s  techn ique  has been 
conducted and some o f  th e  r e s u l t s  a re  p r e s e n te d  h e re .
Beam w ith  Simple End Supports and 
E l a s t i c  I n t e r i o r  Supports
The f i r s t  problem i s  as shown in  F ig .  4 -1 ,  a  beam on simple 
end supp o r ts  w ith  e l a s t i c  i n t e r i o r  s u p p o r t s .  This problem i s  
t y p i c a l  o f  problems which might be  so lv e d  by a  R ay le ig h -R itz  ana ly ­
s i s .  Some problems o f  t h i s  type  a re  so lved  in  Ref. [2 1 ] .  I f  w is  
the  d e f l e c t i o n  o f  th e  beam in  th e  y d i r e c t i o n ,  th e  e x p re s s io n  fo r  
p o t e n t i a l  energy o f  th e  beam i s
V = - y  C— ÿ) dx + ik [ w ( t ] ]  + ik [ w [ 2 t ) ]
0
+ + i k j M m . ] ^  . (4.1)
For th e  k i n e t i c  energy o f  th e  beam 
rSt
T* = i  pA w^dx . (4 .2)
■* 0
For th e  modal fu n c t io n  a s in e  s e r i e s  was assumed
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Figure  4 -1 -  Beam w ith  Simple End Supports  and 2 E l a s t i c  I n t e r i o r  
S u p p o r ts .
n
= j . '
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s i n  . (4 .3)
3 =
X on-d im ensiona l iz ing  the  equ a tion s  o f  motion f o r  t h i s  beam gives 
the  frequency pa ram eter  or e ig en v a lu e  as
X = . ( ^ 4 )
The s p r in g  s t i f f n e s s  param eters  t o  be v a r i e d  a re
T T  TT ■
The R ay le igh -R itz  a n a ly s i s  p r e s e n t s  th e  e ig env a lu e  problem
[K]^ - X[H]a = 0  (4 .5)
with
k = ^  [ s in  s in  2^  + s i n  ^  s in  nm E l “■ 0 Ù 3 d
+ -=TT- (l)^nm[cos 21  cos 2 1  + cos ^ 2 1  cos (4.6)C i 0 ^ 2) Ù J
n ?! m
knn = I  (ir)' + I T T  ^3=-]
+ ÿ -  (% )^ [c o s 2  ^  + cos2 . (4 .7)
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For t h i s  problem th e  mass m a t r ix  i s  d iag o n a l
M = 0 ,  n ^ m nm
= 3 /2  . (4 .8 )
The f i r s t  case run f o r  t h i s  problem was r e l a t i v e l y  s im ple 
w ith  no t o r s i o n a l  s p r in g  and ve ry  s t i f f  d isp lacem ent s p r in g s .
=  10000C 1
T T = °  •
The f i r s t  50 terms were in c lu d ed  in  t h e  s e r i e s  (4 .3 )  and th e  low­
e s t  3 e igenva lues  were o f  i n t e r e s t .  To i n i t i a l l y  in c lu d e  th e  
most s i g n i f i c a n t  term f o r  each o f  th e  lowest 3 e ig e n v a lu e s , terms 
1 , 2 , 3  and 6 were chosen. The r e s u l t s  o f  t h i s  4 by 4 problem 
a re  shown in  Table  4 -1 .  This com ple tes  s t e p s  1 and 2 in  th e  p ro ­
cedure  .
A co o rd in a te  change was made u s in g  the  modal m a t r ix ,  s tep  
3. The second o rd e r  changes as shown in  Eq. (3.21) were then  
c a l c u l a t e d  to  determine th e  r e l a t i v e  e f f e c t s  o f  th e  rem ain ing  46 
terms on th e  low est 4 e ig e n v a lu e s .  S ince  4 terms were chosen in  
th e  f i r s t  s t e p ,  th e  e ig en v a lu e s  must be de te rm ined  f o r  a l l  4 o f  
t h e s e  because i t  was n o t  known which o f  th e s e  4 terms were most 
s i g n i f i c a n t  f o r  th e  lowest 3 e ig e n v a lu e s .  These e f f e c t s  a re  shown 
in  Table  4 -2 .  The a d d i t io n  o f  a l l  th e s e  e f f e c t s  f o r  each e ig en ­
va lue  to  th e  va lue  from Table 4-1 g iv e s  a new approxim ation  to
36
Table  4 -1 .  E igenvalues and E igen vec to rs  from Problem o f  4 
Terms -1,2,3  and 6
Beam w ith  Simple End Supports and 2 E l a s t i c  In ­
t e r i o r  S u p p o r t s .




3 1 0 0 0 1 . 1 2
4 10019.23
E ig en v ec to r  Components
^ \ _ ^ r m
Numbers^ 1 2 3 4
1 0.15x10-5 -0 .22x10-5 1 . 0 0 0.63x10*12
2 0.58x10-5 -0 .15x10-5 - 0 . 1 2 x1 0 - 1° 1 . 0 0
3 1 . 0 0 0.59x10-8 -0 .15x10-5 -0.58x10*5
4 -0 .59x10-8 1 . 0 0 0.22x10*5 0.15x10*5
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Table 4 -2 .  C a lcu la ted  Second Order Changes in  Lowest 4 Eigenvalues 
Due to  Remaining 46 Terms.
Beam w ith  Simple End Supports  and 2 E l a s t i c  I n t e r i o r  
S u p p o r t s .
El = 1 0 0 0 0 . El
=  0 . 0
Term
















12 2 r» - -



















23 -297 . -
24 - -
25 -213 . -
Table  4 -2  (con t inued)
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T able  4-2 (continued)
Term
Added
P re d ic te d  Change in  E igenvalue
Lowest 2nd Lowest 3rd Lowest 4 th  Lowest






31 -90 . -
32 - -79.
33 -
34 2 rs1 -62.o o
35 -55 .X X










41 p-i -29 .< <
42 - -
43 -24. -
44 - - 2 2 .
45 - -
46 - -18.
47 -1 7 . -
48 - -
49 -14 . -
50 - -13.
*Blank spaces have v a lu es  le s s  than  1.0 x 10"®.
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each o f  th e  4 low est e ig e n v a lu e s ,  see  Eq. (5 .2 1 ) .  These new e s t i ­
mates a re  shown in  Table  4 -3 .
The f i r s t  o rd e r  changes, due to  th e  remaining 46 te rm s ,  a re  
c a l c u l a t e d  f o r  th e  e ig e n v e c to r s  o f  th e  4 low est e ig e n v a lu e s ,  see  
Eq. (3 .1 9 ) .  The m odif ied  e ig e n v e c to r s  a re  used  in  R ay le ig h 's  
q u o t i e n t ,  Eq. (3 .2 0 ) ,  to  c a l c u l a t e  a new approxim ation  t o  th e  lowest 
4 e ig e n v a lu e s .  These e s t im a te s  are  a l s o  in  Table  4 -3 .  This  com­
p l e t e s  s t e p  4 in  th e  p ro ced u re .
The r e s u l t s  in  Table 4-2 and 4-3 need t o  be d is c u s se d  now.
For th e  low est 2 e ig en v a lu e s  t h e  3 e s t im a te s  from Table  4-3 a r e  
e x a c t ly  th e  same, and th e  changes from Table  4-2 a re  very  sm a l l .
This  was t o  be ex pec ted ,  a t  l e a s t  f o r  th e  lowest e ig e n v a lu e  because 
o f  o u r  knowledge about th e  p h y s i c a l  a s p e c t s  o f  th e  problem. The 
e ig e n v a lu e s  d e s ig n a te d  3^'^ and 4^^ low est have c e r t a i n l y  n o t  been 
approximated  very  c lo s e ly  as  can be seen in  Table  4 -3 .  S tep  5 in  
th e  p ro cedu re  i s  th e  s e l e c t i o n  o f  th e  terms which a r e  s i g n i f i c a n t  
to  each e ig en va lu e  o f  i n t e r e s t .  The te rm s a re  s e l e c t e d  as th e  
l a r g e s t  terms from th e  second o rd e r  changes in  Table  4 -2 .
In c lu d in g  th e  i n i t i a l  4 te rm s ,  a t o t a l  o f  6 te rm s were 
chosen t o  de te rm in e  a  b e t t e r  v a lu e  f o r  th e  low est 4 e ig en v a lu e s .  
Terms in  th e  o r i g i n a l  4 terms which were i n s i g n i f i c a n t  were om it ted  
from th e  6  by 6  p roblem. S ix  terms were chosen f o r  each o f  t h e  4 
e ig e n v a lu e s .  S o lu t io n s  to  th e s e  6  by 6  problems w ith  th e  new ap­
p rox im a t io ns  from th e  T a y lo r  s e r i e s ,  and from R a y le ig h 's  q u o t i e n t  
a re  shown in  Table  4 -4 .
4 0
Table 4 -3 .  Lowest 4 E igenvalues w ith  New E s t im a tes  f o r  4 by 4 
Problem.
Beam w ith  Simple End Supports  and 2 E l a s t i c  I n t e r i o r  
S u p p o r t s .
-g Y  = 10000. , = 0 .0
Eigenvalue 
from 
4 by 4 
Problem
E igenvalue  w ith  
Second Order Ap­
p rox im at ions  f o r  
Remaining 46 Terms
R a y le ig h ' s 
Q u o t ie n t  f o r  
New E ig en v ec to r  
Approximation
Lowest
E igenvalue 97.41 97.41 97.41
2nd Lowest 
E igenvalue 1559. 1559. 1559.
3rd Lowest 
E igenvalue 1 0 0 0 1 . -169000. 15900.
4th Lowest 
Eigenvalue 10019. -370100. 11690.
T a b le  4 - 4 .  Lowest 4 H ig en v a  1 ues  w i t h  New h s t i i i i a t o s  f o r  0 l)y (> I’r o b le m s .
Beam w i t h  S i m p l e  I'.ncl S u p p o r t s  a mi  2 h i  a s  t i e  I n t e r i o r  S u p p o r t s  .
i3i-
h i = 1 0 0 0 0 . HI 0 . 0
E i g e n v a l u e  
from 
6  by  6  
P ro b lem
E i g e n v a l u e  w it l i  S e co n d  
O r d e r  A p p r o x im a t io n s  
f o r
R em a in in g  Terms
R a y l e i g h ' s 
Quot i e n t  
f o r  
New 
E i g e n v e c t o r  
A p p r o x im a t io n s
Maximum*
Di f  f e r e n c e  
o f  V a lu e  
i n  Columns 
1 , 2 ,  o r  3 
i n  % o f  
Column 1
C o r r e c t  
Answer 
From 
50 by 50 
P r o b 1 em
Lowest
E i g e n v a l u e 9 7 .4 1 9 7 .4 1 9 7 .4 1 0 9 7 .4 1
1 6 6 .8 1 5 8 .6 1 5 8 .9E ig e n v a l u e 1 6 5 .8 4 .9
3 r d  Lowest 
E ig e n v a l u e 3 3 8 .1 3 3 4 .9 3 3 6 .0 1 . 0 3 3 4 .4
E ig e n v a l u e 1559. 1559 . 1559 . 0 1559 .
* From t h e  v a l u e s  i n  Columns 1, 2 ,  and 3 , (maximum v a l u e  - minimu m v a l u e )  ( v a l u e  in  Column 1) X 100.
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The approx im ations  f o r  th e  lowest 3 e ig env a lu es  have con­
verged, which means t h a t  th e  s i g n i f i c a n t  terms o f  th e  50 have been 
included  in the  e ig env a lue  problem so lved  fo r  each e ig e n v a lu e  of 
i n t e r e s t .  The e ig en v a lu e  which was o r i g i n a l l y  though t t o  be the  
second lowest e ig e n v a lu e ,  Table  4 -1 ,  i s  found to  be the  fo u r th  
l a r g e s t  or even h ig h e r .  Table 4 -4 .  This  was p r e c i s e l y  th e  reason 
i t  was no ted  e a r l i e r  t h a t  a l l  fo u r  terras o r i g i n a l l y  chosen must 
be made to  converge.
This was a f a i r l y  simple problem in  t h a t  i t  d id  n o t  tak e  
many terms to  c a l c u l a t e  a c c u ra te  e ig e n v a lu e s ,  and most o f  th e se  
were in  th e  f i r s t  few te rm s.  A s l i g h t l y  more d i f f i c u l t  problem i s  
now so lved  f o r  th e  same beam w ith  d i f f e r e n t  s p r in g  c o n s t a n t s .
  Akt
= 2000. , - g p  = 200 .
F i f ty  terms were inc lu ded  in  th e  s e r i e s ,  and i n i t i a l l y  th e  f i r s t  
f i v e  terms in  th e  s e r i e s  were chosen. The r e s u l t s  o f  t h i s  p r o ­
blem a re  shown in  Tables  4-5 through 4 -9 .  For each e igen va lue  of  
i n t e r e s t  a 10 by 10 problem. T i l e  4-8, and f i n a l l y  a 13 by 13 problem. 
Table  4 -9 ,  was so lv e d .  The terms f o r  th e s e  10 by 10 and 13 by 13 
problems were s e l e c t e d  as th e  l a r g e s t  v a lues  f o r  th e  second o rder  
changes in  Table  4-6 .
4 3
Tabic 4-3 .  h igcnvalucs and H igenvectors  f o r  Problem o f  f i r s t  
3 Terms.
Beam w ith  Simple End Supports and 2 E l a s t i c  I n t e r i o r  
S u p p o r t s .
5







E igenvec to r  Components
N.Terni
NuraberN. 1 2 3 4 5
1 -0 .271 -0.146x10-5 -0 .474 -0.320x10-5 0.8375
2 O .lS lx lO '5 -0 .556 0.158x10-5 0.831 -0.266x10-5
3 -0 .738 0.547x10-5 0.662 0.115x10-5 0.136
4 0.353x10-5 0.831 0.196x10-5 0.556 0.158x10-5
5 0.618 -0.310x10-5 0.581 -0.284x10-5 0.529
-
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T abic  4-f>. C a lcu la ted  Second Order Changes in  Lowest 3 
e igen va lues  Due to  Remaining 45 Terms
Beam w ith  Simple End Supports  and 2 E l a s t i c  
I n t e r i o r  S u p po r ts .
p Îf
2 000 . ,
El =  2 0 0 .
Term
Added







6 -* -1085. .
7 -0 .527 - -2544.
8 - -778. -
9 -2 .67 - -976.
10 - -263 . -
11 -4 .4 7 - -8 6 .9
12 - -708. -
13 -0 .019 - -677.
14 - -335. -
IS -1 .8 4 - -630.
16 - -163. -
17 -1 .65 - - 8 8 . 0
18 - -477. -
19 -0 .087 - -296.
20 - -175. -
21 -1 .2 6 - -425.
22 - - 1 0 2 . -
25 -0 .795 - -67 .5
24 - -329. -
25 -0 .096 - -161.
Table  4-6 Continued
4 5
T able  4-6 (continued)
Term







26 . -105. .
27 -0 .883 - -298.
28 - - 6 8 . 8 -
29 -0 .454 - -5 0 .7
30 - -235. -
31 -0 .086 - - 1 0 0 .
32 - -69 .6 -
33 -0 .644 - -217.
34 - -49 .1 -
35 -0 .289 - -3 8 .7
36 - -175. -
37 -0 .074 - -6 7 .9
38 - -49 .3 -
39 -0 .486 - -164.
40 - -36 .6 -
41 -0 .199 - - 3 0 .3
42 - -134. -
43 -0.062 - -4 8 .9
44 - -36 .6 -
45 -0 .378 - -127 .
46 - -28 .3 -
47 -0 .144 - -2 4 .3
48 - -106. -
49 -0 .052 - -3 6 .8
50 - -28 .3 -
'B lank spaces have va lues  le s s  than  1.0x10"®
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Tabic 4 -7 .  Lowest 3 L igenvalues w ith  New E stim ates  fo r  5 by 5 
Problem.
Beam w ith  Simple End S upports  and 2 E l a s t i c  I n t e r i o r  
S u p p o r t s .
= 2000. . EI
E igenvalue 
from 
5 by 5 
Problem
E igenvalue w ith  
Second Order 
Approximations 
f o r  Terms 
6 through SO
R a y le ig h 's  Q uotien t 
f o r  New 
E igenvec to r  
Approximation
Lowest
Eigenvalue 263.3 246.2 286.9
2nd Lowest 
Eigenvalue





Table 4-8 . Lowest 3 E igenvalue  with New E st im ates  f o r  10 by 10 
Problem.
Beam w ith  Simple End Supports and 2 E l a s t i c  I n t e r i o r  
S u p p o r t s .
j3k
^  = 2 0 0 0 . . = 2 0 0 .
Eigenvalue 
from 
10 by 10 
Problem
Eigenvalue 





R ay le ig h 's  
Q uo tien t 
f o r  New 
E igenvec to r  
Approximation
Maximum* 
D if fe re n c e  
o f  Values 
in  Columns 
1, 2, o r  3 







2 3 1 .S 241 .S 4 .2
3rd Lowest 
E igenvalue
605.5 539.5 529.2 1 2 . 6
*From th e  v a lu e s  in  column 1 , 2 , and 3, (maximum value-minimum v a l u e ) 
(va lue  in  column 1 ) X 100.
T a b le  4 - 9 .  Lowest 3 L ig e n v a l i i c s  w i th  New E s t i m a t e s  f o r  13 by 13 E ro b lc m .
Beam w i t h  S im p le  End S u p p o r t s  and 2 E l a s t i c  I n t e r i o r  S u p p o r t s .
EI 1 0 0 0 . EI = 2 0 0 .
E i g e n v a l u e  
from 
13 by  13 
P rob lem
E i g e n v a l u e  
wi tli 
S e co n d  O r d e r  
A p p ro x im a t i  ons 
f o r  R em a in in g  
37 Terms
R a y l e i g h ' s 
Q u o t i e n t  
f o r  New 
E i g e n v e c t o r  
A p p r o x im a t io n s
E i g e n v a l u e
from
S o l u t i o n
o f
50 b y  50 
P ro b lem
Maximum 
D if fe ren C O *
o f  v a l u e s  in  
Columns 
1 ,  2 ,  o r  3 in  
% o f  Column 1
Lowest
E ig e n v a l u e 2 3 3 .1 2 3 0 .9 2 3 2 .4 2 3 0 .6 1 . 0
2nd Lowest 
E i g e n v a l u e 2 3 5 .5
231 .3 2 3 4 .7 231 .2 1 . 8
3 rd  Lowest 
E i g e n v a l u e
4 8 0 .5 467 ,3 4 6 9 .7 4 6 4 .4 2 .7
*From t h e  v a l u e s  i n  Columns 1 ,  2 ,  and 3 , (maximum v a lu e -m in im u m  v a l u e )  ( v a l u e  i n  Column 1) X 100.
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To g ive  an in d i c a t i o n  o f  how th e  approxim ations t o  th e  
e ig en v a lu e s  converge, the  lowest and lowest e ig en v a lu e s  were 
c a l c u l a t e d  adding one term a t  a  t ime to  the  e ig en v a lu e  problem 
so lv e d .  A f t e r  each s o l u t i o n  th e  e s t im a te d  changes f o r  each of 
th e  terms rem ain ing  in  th e  50 term  s e r i e s  was c a l c u l a t e d .  Also 
a f t e r  each s o l u t i o n  a new e s t im a te  o f  th e  e ig e n v e c to r  was c a lc u ­
l a t e d  and th e  e ig env a lue  was aga in  approximated u s in g  R a y le ig h 's  
q u o t i e n t .  This  in fo rm a t io n  i s  shown in  Tables 4-10 and 4-11.
The i n i t i a l  e ig en v a lu e s  were o b ta in ed  by us ing  th e  f i r s t  5 terms 
in  th e  s e r i e s .  From t h i s  in fo rm a t io n  and o th e r  problems worked, 
th e  maximum d i f f e r e n c e  o f  th e  3 approxim ations  c a l c u l a t e d  g ives 
a good i n d i c a t i o n  o f  how c lo s e  th e  approxim ations  a re  t o  th e  a c tu a l  
s o l u t i o n s  from th e  n by n problem.
A problem i s  now shown which r e q u i r e s  more i n i t i a l  
te rm s to  be chosen and r e q u i r e s  more terms in  t h e  e ig e n v a lu e s  
to  be  so lv e d .
The problem is  a beam w ith  s im ple  end su p p o r ts  and S eq u a l ly -  
spaced e l a s t i c  i n t e r i o r  s u p p o r t s ,  the  same as th e  su p p o r ts  in  F ig .  
4 -1 .  For th e  modal fu n c t io n  a s in e  s e r i e s  was used
n
w = [  a .  s i n  . (4 .10)
j = i  :
The s p r in g  s t i f f n e s s  p aram eters  used  were
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The f i r s t  SO terms were used in  th e  s e r i e s  and th e  low est 3 e ig e n ­
v a lu es  were o f  i n t e r e s t .  The f i r s t  6  terms were i n i t i a l l y  chosen 
to  in c lu d e  th e  most s i g n i f i c a n t  te rm  in  th e  f i r s t  3 e ig e n v a lu e s .  
The s o l u t i o n  f o r  the  o r i g i n a l  6 by 6  e ig en va lu e  problem i s  shown 
in  Table  4 -12 .  These o r i g i n a l  6 e ig en v a lu e s  converged a f t e r  17 
terms were s e l e c t e d  f o r  each. These answers a re  shown in  Table 
4 -13 . The answers a re  a r e s u l t  o f  th e  s o l u t i o n  o f  s i x  17 by 17 
e ig en v a lu e s  problems. Although t h i s  i s  q u i t e  a few terms and 
r e q u i r e s  th e  s o l u t i o n  o f  6  e ig e n v a lu e ,  t h e  s to r a g e  r e q u i r e d  i s  
much l e s s  th an  f o r  th e  50 by 50 problem and th e  computation 
tim e i s  a l s o  l e s s .
T a b le  4 - 1 2 .  E i g e n v a l u e s  and  E i g e n v e c t o r s  f ro m  P ro b le m  o f  F i r s t  6  T e rm s .
Beam w i t h  S im p le  End S u p p o r t s  and 5 E l a s t i c  I n t e r i o r  S u p p o r t s
0 3v
^  = 2 0 0 0 .  ,
Z k
- é ~ ~  2 00 -
Number E i g e n v a l u e
1 2 0 0 2 .
2 2 0 1 0 .
3 2 2 6 2 .
4 2 5 3 1 .
5 3 0 6 8 .
6 3 5 9 8 .
E i g e n v e c t o r  C om ponents
^ \ T e r m
N u m b e r ^ \
1 2 3 4 5 6
1 0 . 9 3 8 - 0 . 9 2 5 x 1 0 - " 0 . 2 9 8 - 0 . 4 4 0 x 1 0 " " 0 . 1 7 5 - 0 . 2 9 7 x 1 0 - "
2 0 . 1 0 2 x 1 0 - 3 0 . 8 7 0 0 . 2 8 4 x 1 0 - " 0 . 4 1 3 0 . 1 6 8 x 1 0 - " 0 . 2 7 0
3 - 0 . 3 4 0 0 . 4 9 9 x 1 0 - 6 0 . 8 9 0 - 0 . 6 6 8 x 1 0 - 6 0 . 3 0 5 0 . 2 2 7 x 1 0 - 6
4 - 0 . 4 5 5 x 1 0 - 6 - 0 . 4 8 4 - 0 , 4 0 5 x 1 0 - 5 0 . 8 2 3 - 0 . 2 8 3 x 1 0 - 6 0 . 2 9 8
5 - 0 . 0 6 4 6 - 0 . 1 3 8 x 1 0 - 6 - 0 . 3 4 5 - 0 . 3 5 2 x 1 0  6 0 . 9 3 6 0 . 1 5 4 x 1 0 - 6
6 0 . 8 2 7 x 1 0 - 6 - 0 . 0 9 9 2 0 . 3 4 6 x 1 0 - 6 - 0 . 3 9 0 - 0 . 9 4 3 x 1 0 - 6 0 . 9 1 6
T a b l e  4 - 1 3 .  Lowest 6  E i g e n v a l u e s  w i t h  New E s t i m a t e s  f o r  17 by 17 P ro b lem .
Beam w i t h  S im p le  End S u p p o r t s  and S E l a s t i c  i n t e r i o r  S u p p o r t s
EI 2 0 0 0 . , EI = 2 0 0 .
E i g e n v a l u e  
from 
17 b y  17 
P ro b lem
E i g e n v a l u e  w i t h  
S e co n d  O rd e r  
A p p ro x im a t  i o n s  
f o r  R em ain ing  
Terms
R a y l e i g h ' s 
Q u o t i e n t  
f o r  New 
E i g e n v e c t o r  
A p p ro x im a t io n
E ig e n v a l u e  
from 
S o l u t i o n  o f  
50 by  50 
P rob lem
Maximum* 
D i f f e r e n c e  
o f  V a lu e s  i n  
Columns 1,
2, o r  3 in  
% o f  Column 1
I.oLowest
E ig e n v a l u e 2 3 7 .4 2 3 6 .6 2 3 6 .5 23 6 .1 0 .4
2nd Lowest 
E ig e n v a l u e 2 3 8 .0 2 3 6 .6 2 3 6 .7
2 3 6 .2 0 . 6
3 r d  Lowest 
E ig e n v a l u e 4 3 5 .2
4 3 4 .5 4 3 4 .6 4 3 4 .1 0 . 2
4 t h  Lowest 
E ig e n v a l u e
4 7 3 .6 4 6 8 .4 4 7 8 .8 4 6 5 .1 1 . 2
5 t h  Lowest 
E i g e n v a l u e 5 4 2 .5 5 1 6 .5 5 2 8 .3
5 1 3 .9 4 .8
6 t h  Lowest 
E ig e n v a l u e
5 7 3 .5 5 6 0 .6 5 5 9 .8 5 5 4 .7 2 .4
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D is c r e te l y  S t i f f e n e d  C y l in d r ic a l  S h e l l
The problem that was the motivation for seeking a method 
to choose terms for a Rayleigh-Ritz analysis was that of free vi­
bration of discretely stiffened cylindrical shells with arbitrary 
end conditions, see [24]. This reference develops an analysis to 
determine the free vibrational characteristics of a thin uniform 
cylindrical shell with arbitrary end conditions with an arbitrary 
number of ring and stringer stiffeners. A Rayleigh-Ritz analysis 
is used to obtain approximate solutions. Kinetic energy and po­
tential energy expressions were derived for the cylinder, stringers, 
and rings in terms of the displacement of the middle surface of 
the cylinder. A finite series was assumed for the deflection 
shapes and the eigenvalue problem was formulated similarly to 
those explained previously in this dissertation.
In this problem there were 3 displacement variables. Longi­
tudinal and circumferential mode shapes had to be assumed. Unsym- 
metrical stringer combinations made antisymmetric mode shapes 
necessary. The resulting eigenvalue problem became large with 
only a few assumed terms. Because of the large eigenvalue pro­
blems needed to obtain good approximations to the eigenvalues of 
interest, much time and effort was expended in trying to solve 
the eigenvalue problems. Accurate answers were obtained in many 
cases only after 60 by 60 eigenvalue problems were solved. The 
difficulties in obtaining accurate answers are discussed in Ref. 
[25], page 61.
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To so lv e  th e  60 by 60 e ig en v a lu e  problem s, t h r e e  60 by 60 
double p r e c i s io n  m a t r ic e s  were n e c e s s a ry .  Using th e  method o f  
s e l e c t i n g  te rm s ,  th e  60 by 60 K and M m a t r i c e s  were needed in  
s i n g l e  p r e c i s i o n  o n ly ,  and t h r e e  double p r e c i s io n  m a t r i c e s  of 
only IS by 15 o r  le s s  were needed . T h e re fo re  th e  co re  s to ra g e  
re q u i r e d  u s in g  th e  method o f  s e l e c t i n g  terms was le s s  th an  h a l f  o f  
th e  s t a n d a rd  method. The s i z e s  o f  the  e ig e n v a lu e  problems us in g  
th e  double  p r e c i s i o n  r o u t in e  were much s m a l l e r ,  which means t h a t  
computation t ime was reduced c o n s id e ra b ly .
An example i s  now shown o f  a t y p i c a l  s o l u t i o n  u s in g  th e  
new method. The case i s  f o r  a f r e e l y  su p po r ted  c y l i n d r i c a l  s h e l l  
w ith  13 e q u a l ly  spaced r i n g s .  The n a t u r a l  f r e q u e n c ie s  o f  i n t e r e s t  
a re  f o r  a  c i r c u m f e r e n t i a l  wave number o f  10. The low est r a d i a l  
f requency  in  t h i s  mode i s  d e s i r e d .  The 60 by 60 K and M m a tr ic e s  
were c a l c u l a t e d  and th e  new method was a p p l i e d .  The most s i g n i ­
f i c a n t  te rm  in  th e  low est frequency  was known to  be  t h e  41, 42, o r  
43 te rm . The s o l u t i o n  to  t h i s  3 by 3 problem i s  in  T ab le  4-14.
The e s t im a te d  e f f e c t  o f  th e  rem aining 57 term s on th e  3 lowest 
e ig en v a lu e s  i s  shown in  Table  4 -15 .  In  T ab le  4-16 th e  new ap p ro x i­
m ations f o r  t h e  e ig en v a lu e s  a re  g iven .  The approxim ations a re  not 
ad eq ua te .  S i g n i f i c a n t  terms were s e l e c t e d  from Table  4 -1 5 ,  and a 
10 by 10 problem was worked f o r  each o f  th e  3 low est e ig e n v a lu e s .  
The low est e ig en v a lu e s  have converged a t  t h i s  p o in t .  I t  i s  seen 
from Table  4-17 t h a t  u s in g  th e  new method a  10 by 10 e ig en va lu e  
piublem gave aii sppiOximate answer to  th e  low est e ig e n v a lu e  which
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Table 4 -14 .  E igenvalues and E igenvec to rs  from P ro ­
blem o f  3 Terms, 41 , 42, and 43.
F ree ly  Supported  C y l in d r ic a l  S h e l l  w ith  
13 Equally  Spaced Ring S t i f f e n e r s .





E igen vec to r  Components
^ \ ^ T e r m
Numbeî^v.
41 42 43
1 0.9987 -0 .0455 -0 .0250
2 0.0419 0.9907 -0 .1292
3 0.0306 0.1280 0.9913
5 8
Table 4-15. C a lcu la ted  Second Order Changes in  Lowest 3 E igen­
va lues  Due t o  th e  57 Remaining Terms.
F ree ly  Supported C y l in d r ic a l  S h e l l  w ith  13 Equally  
Spaced Ring S t i f f e n e r s .
C irc u m fe re n t ia l  Wave Number = 10





1 -0.782x10-3 -0 .138x10" : -0 .735x10-3
2 -0.124x10-** -0.587x10"2 -0.978x10-**
3 -0.798x10-3 -0.213x10-3 -0.0125
4 0 0 0
4 4 4
20 0 0 0
21 -0.951 -0.167x10-2 -0.892x10-3
22 -0.196x10-3 -0 .928 -0 .0154
23 -0.583x10-3 -0 .0155 -0 .913
n e g l i g ib l e n e g l i g ib l e n e g l i g i b l e
29
30 -0.149x10-3 -0.397x10-2 -0 .233
31 -0.467x10-3 - 0 . 2 2 1 -0 .367x10-2
32 - 0 . 2 1 2 -0 .374x10-3 -0.199x10-3
33 - 0 . 2 0 0 -0.352x10-3 -0.188x10-3
34 -0.392x10-3 -0 .185 -0.308x10-2
35 -0.111x10-3 -0.297x10-2 -0.174
36
4- n e g l i g ib l e n e g l i g ib l e n e g l i g ib l e
40
Table  4-15 Continued
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T ab le  4-15 (C o n t 'd . )
T 6nn




44 -0.267x10''* -0 .3 4 1 x 1 0 '3 - 0 . 298x10 '2
45 -0.274x10'** -0.313x10-3 -0 .209x10-2
46 -0.272x10-** -0.300x10-3 - 0 . 181x10-2
47 -0.271x10-** -0.293x10-3 -0 .168x10-2
48 -0.269x10-** -0.288x10-3 -0.160x10-2
49 -0.268x10-** - 0 . 284x10 '3 -0.155x10-2
50 -0 .140 -0 .370 -0 .21 4
51 -0.0375 -17.09 -0 .261
57 -14.71 -0 .0216 - 0 . 730x10 '2
55 -12 .97 -0 .0282 -0 .0223
54 -0 .0225 -0.116x10-2 -0 .231
55 582x10-2 -0 .165 -10 .94
56 56x10'** -0.266x10-3 -0 .139x10-2
57 .53x10-** -0.264x10-2 - 0 . 137x10 '2
58 -0.251x10-** -0.261x10-3 -0 .136x10-2
59 -0.249x10-** -0 .258x10-2 -0 .134x10-2
60 -0.246x10-** - 0 . 256x10 '2 -0.133x10*2
6 0
Tabic 4-16. Lowest 3 Higenvalues w i th  New E s t im a tes  f o r  3 b /  3 
Problem.
F re e ly  Supported  C y l i n d r i c a l  S h e l l  w ith  13 Equally  
Spaced Ring S t i f f e n e r s .
C i rc u m fe r e n t ia l  Wave Number = 10
E igenvalue 
from 
3 by 3 
Problem





R a y le ig h 's  Q uo tien t 
f o r  New 
E ig env ec to rs  
Approximation
Lowest
-2 6 .2 4.30Eigenvalue I  .  OO
2nd Lowest 
Eigenvalue
2.89 - 2 7 . S 4.24
3rd Lowest 
E igenvalue
2.91 -3 1 .3 4.11
T a b le  4 - 1 7 .  L ow es t 3 E i g e n v a l u e s  w i t h  New E s t i m a t e s  f o r  10 by 10 P ro b lem .
F r e e l y  S u p p o r t e d  C y l i n d r i c a l  S h e l l  w i t h  13 E q u a l l y  S p ace d  
R ing  S t i f f e n e r s .
C i r c u m f e r e n t i a l  Wave Number = 10
E i g e n v a l u e  
f rom  
1 0  by  1 0  
P ro b le m
E i g e n v a l u e  
w i t h  
2nd O r d e r  
A p p r o x im a t io n s  
f ro m  R em a in in g  
40 Terms
R a y l e i g h ' s  
Q u o t i e n t  
f o r  New 
E i g e n v e c t o r  
A p p r o x im a t io n s
Maximum* 
D i f f e r e n c e  
o f  v a l u e s  
i n  Columns 
1 , 2 ,  and  3 
i n  % o f  
Column 1
C o r r e c t  
a n sw e r  
from  
60 b y  60 
p r o b 1 cm
Lowest
E i g e n v a l u e 0 .2 8 8 8 0 .2 8 4 6 0 .2 8 4 6 1 .5 0 .2 8 4 0
2nd Lowest 
E ig e n v a l u e 0 .3 0 4 4 0 .2 8 8 7 0 .2 8 8 5 5 .2 0 .2 8 5 4
3 r d  Lowest 
E ig e n v a l u e 0 .3 2 3 0 0 .2 9 5 6 0 .2 9 6 0 8 .4 0 .2 9 1 1
•O f  , h .  V . .U .»  i n  1 , 2 ,  . . d  3 ,  ^
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i s  n e a r ly  as a c c u ra t e  as t h a t  from th e  60 by 60 e ig en v a lu e  problem 
so lv ed  p re v io u s ly .  In an a n a ly s i s  l i k e  t h i s  where many e ig en va lu e  
problems need t o  be so lv ed ,  t h i s  new method shou ld  h e lp  reduce  
computer s to r a g e  needed and computation c o s t s .
CHAPTER V 
CONCLUDING STATEMENTS
A method has been d e sc r ib ed  h e re  which can s e l e c t  terms 
to  be used in  a R ay le igh -R itz  a n a ly s i s  o f  an e ig en v a lu e  problem.
The method u se s  e x p l i c i t  express ion s  f o r  d e r i v a t i v e s  o f  th e  e ig e n ­
v a lu e s  w ith  r e s p e c t  t o  elements o f  th e  K and M m a t r i c e s .  D eriva­
t i o n s  of  th e s e  e x p re s s io n s  have been p r e s e n te d ,  th e  method has been 
d e s c r ib e d ,  and some a p p l i c a t io n s  have been shown.
The method has  been programmed f o r  a computer, and th e  
documentation  f o r  t h i s  computer program i s  in  th e  Appendix. The 
docum entation i s  w r i t t e n  so t h a t  the  program can be  u sed ,  d i r e c t l y  
as documented, in  s o lv in g  R ay le ig h -R itz  e ig env a lue  problem s. In 
th e  a p p l i c a t i o n s  only th e  e igen va lues  have been d ic u s s s e d ,  b u t  the  
e ig e n v e c to r s  o f  th e s e  R ay le igh-R itz  problem can a l s o  be c a lc u la te d  
as ex p la in e d  in  th e  Appendix.
From th e  a p p l i c a t io n s  p re s e n te d  in  C hapter  IV i t  can be 
seen t h a t  u se  o f  t h i s  method can s i g n i f i c a n t l y  reduce  th e  computer 
s t o r a g e  and computation  time needed f o r  some R ay le ig h -R itz  e ig e n ­
v a lu e  problems. The method w i l l  be most u s e f u l  in  h e lp in g  so lv e  
problems in  which th e  lower e igenva lues  can b e  approximated by
6 3
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only a few terms in  th e  s e r i e s ,  b u t  i t  i s  n o t  known which terms 
a rc  s i g n i f i c a n t .  This ty pe  o f  problem cannot n e c e s s a r i l y  be 
i d e n t i f i e d  b e fo r e  s o l u t i o n ,  and sometimes th e  method might no t  
p rov ide  a s a v in g s .
This method can p o s s ib ly  be  improved, and some o f  th e s e  
p o s s i b i l i t i e s  a re  worth m ention ing .  A p r e r e q u i s i t e  f o r  u s in g  th e  
method i s  some knowledge about th e  most s i g n i f i c a n t  term f o r  each 
e igenva lue  o f  i n t e r e s t .  T h is  i s  a  l i m i t a t i o n ,  which i f  removed, 
would make th e  method u s e f u l  to  more problems.
The approxim ations made by  th e  T a y lo r  s e r i e s  and R a y le ig h 's  
q u o t i e n t  may be e i t h e r  g r e a t e r  o r  l e s s  th an  th e  a c tu a l  e ig e n v a lu e .  
Only th e  Rayleigh q u o t i e n t  approxim ation  t o  th e  lowest e ig en v a lu e  
i s  known t o  be an upper bound. I t  would be  advantageous t o  b e  ab le  
t o  e s t a b l i s h  w hether a l l  th e  approxim ations a re  upper  o r  lower 
bounds.
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APPENDIX A 
COMPUTER PROGRAM DOCUMENTATION
In th i s  appendix  th e  com puter program s used  f o r  th e  a p p l i ­
c a t io n s  in  C hap te r IV a re  d e ta i le d .  U sing th i s  docum enta tion , one 
sh ou ld  be a b le  to  u se  th e  program s as  th e y  a re  l i s t e d  h e re  in  
s o lv in g  a R ay le ig h -R itz  problem .
The com puter programs a re  w r i t te n  in  G -lev e l F o r tra n  IV, 
and w ere run on a IBM System 360, Model 50 com puter. The main p ro ­
gram and 2 s u b ro u tin e s  a re
Program AUTOEIG 
S u b ro u tin e  EIGN 2 
S u b ro u tin e  DEIGEN
A flow  c h a r t  f o r  th e  main program  i s  shown in  F ig . A-1, 
and a b r i e f  e x p la n a tio n  o f  th e  main program  and 2 s u b ro u tin e s  




The main program  reads th e  in p u t d a ta ,  fo llow s th e  ro u t in e  
shown in  th e  flow  d iagram , F ig . A -1, and p r in t s  o u t th e  n e c e ssa ry  
in fo rm a tio n . Each tim e an e ig en v a lu e  problem  i s  to  be so lv e d  th i s  
program  c a l l s  E1GN2.
The a p p lic a t io n s  in  C hapter IV d is c u sse d  on ly  th e  e ig e n ­
v a lu e s ,  b u t  th i s  com puter program w i l l  a ls o  c a lc u la te  th e  e ig e n ­
v e c to r s  i f  n e c e s s a ry . A nother s in g le  p re c is io n  a rra y  o f  s iz e  n by 
n is  needed in  th e  program . The e ig e n v e c to rs  a re  de term ined  j u s t  
as  in  a J a c o b i r o t a t i o n  method. Each tim e a tra n s fo rm a tio n  o f  co­
o rd in a te s  i s  made, th e  e ig e n v e c to r  m a trix  i s  p o s t -m u l t ip l ie d  by 
th e  tr a n s fo rm a tio n  m a tr ix . To use  th e  e ig e n v e c to r  c a lc u la t io n  p a r t  
o f  program AUTOEIG remove th e  C in  th e  f i r s t  column o f  a l l  s t a t e ­
ments w ith  VEC in  columns 73-75.
S u b ro u tin e  EIGN2 
T h is su b ro u tin e  computes th e  m a trix
[D] = [L-l][K][L-lf
where
[M] = [L][L]T ,
and tran sfo rm s  [D] in to  com pressed s to ra g e  mode, se e  [2 2 ] . The 
method u sed  to  compute p ]  i s  shown in  R ef. [2 3 ] , page 295 o r  in  
R ef. [1 5 ] , page 229. T h is su b ro u tin e  c a l l s  DEIGEN to  so lv e  f o r  
th e  e ig en v a lu e s  and e ig e n v e c to rs  o f  p ] .
6 9
S u b ro u tin e  DEIGEN 
T his s u b ro u tin e  i s  from th e  IBM S c i e n t i f i c  S u b ro u tin e  
Package [22 ]. I t  so lv e s  e ig en v a lu e  problem s o f  th e  ty p e
[D]x -  X [I]x  = 0
by th e  Ja c o b i method.
70
Read In p u t 
D ata /
Solve E igenvalue 
problem  f o r  ro 
chosen te rm s ,
C a ll EIGN2OE ► C all 
-«DEIGEN








C a lc u la te  e s tim a ted  
e ig en v a lu e  due to  
rem ain ing  term s
0o
C a lc u la te  e s tim a ted  
e ig en v a lu e  u s in g  
R a y le ig h 's  Q uo tien t
P r in t  O utput 
, d a ta  /
Choose s i g n i f i c a n t  
term s fo r  rew orking 
e ig en v a lu e  problem
END
Loop 1 com pleted f i r s t ,  
th en  Loop 2
F ig u re  A-1. Flow Diagram o f  AUTOEIG.
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Inpu t f o r  Program AUTOEIG
1. Format (1615) N,M,NLOE,NOEI,IFF
N = T o ta l number o f  term s in  assumed s e r i e s ;  s iz e  o f  in p u t 
K and M m a tr ic e s .
M = Number o f  term s in  i n i t i a l  problem  worked. At l e a s t  one 
o f most s i g n i f i c a n t  term s f o r  each e ig en v a lu e  o f  i n t e r e s t .
NLOE = Number o f  term s in  each e ig e n v a lu e  problem  so lv ed  a f t e r  
s i g n i f i c a n t  term s a re  s e l e c te d .
NOEI = Number o f  e ig en v a lu e  problem s o f  s i z e  NLOE s o lv e d , see  
F ig . A -I . Most l i k e ly  same as  M.
IF? = I n d ic a to r ;  i f  IFF = 0 norm al p r in to u t  o cc u rs ; i f  IFF>0 
e x tr a  in fo rm a tio n  i s  p r in te d ,  se e  program l i s t i n g .
2. FORMAT(1615) LOI(M)
LOI(M) = Number o f  each M term  chosen f o r  i n i t i a l  p rob lem .
3. FORMAT(5E16.8) S (N ,N ), EM(N,N).
S(N,N) = In p u t K m a tr ix .
EM(N,N) = In p u t M m a tr ix .
-) I M=NS I ON  
DT m t n j s  i n s  
DI  MENS I n N  
DIMENSION
p p n r . p  AM AUTOS I G
OOUTL r  = Q = C I S I O N  S P ( ?  O ,  ?  O ) ,  r  Ma ( 3 o  .  ^ O ) .  F VEC ( 3  O ,  2  O ) .  S V AL < '» O ) 
d i m e n s i o n  S ( G O , G O ) , F M ( 5 n , G O ) . O K ? ( S O ) . D K 3 ( S O )  « LOI  5 . 2 0 1  
C O ( 2 0 , 2 T ) , C M ( 2 0 , 2 0 ) , V F C ( 5 0 ) , 0 ( 5 0 )
L O I ( 2 0 )
F P P ( 5 0 )
X ( 5 0 , 5 0 ) , C V E C ( O )
5  F O P M A T ( ) H O . 1 5 . ' E I G E N V A L U E  = ' , E t 6 . n >
9  F O P M A T ( 1 N O ,  • S F C ON O ORDER C HANGE S  A R E ' )
I 0 FORM AT ( l O E l 2 . A )
I I  F O R M A T d ô I S )
1 2  F O R M A T ( 1 0 E 1 2 . 5 )
1 3  FORMAT ( 1 HO NEW A P P R O X I M A T I O N  = ' ,  E l (> .  O )
1 4  = O R M A T ( 1 H O , « R A Y L E I G H  Q U O T I E N T  A P P R O X I M A T I O N  = ' , E I 6 . n >
1 5  FORM A T ( I H O ,  « S I G N I F I C A N T  TE RMS  A R E ' )
1 6  FORM AT ( 1 HO TERMS F OR E I G E N V A L U E  PROI3LEM A R E ' )
I 7  FORMATI  I H O )
1 8  F O R M A T ( I H I )
1 9  f o r m a t ( 5 1 5 , 6 E I f t . 5 )
2 0  F O R M A T ( 1 H O , 5 X ,  1 5 , E l  6 . 8 )
2 1  F n R M A T l I H O , • NEW E I G E N V E C T O R  A P P R O X I M A T I O N ' )
1 0 2  F O R M A T ( l O X , 1 3 , 3 X , E 2 6 . 1 6 , 5 2 0 . 3 )
1 0 3  F ORMATI  1 H O , 1  1 X , 1 H N , l O X , 1 1 H E I G E N V A L U E S ,  ' R E L A T I V E  E R R O R ' / )
1 4 0  F O R M A T I I H O , ' S P  M A T R I X ' )
1 4 1  F O R M A T ( I H O ,  ' EMP M A T R I X ' )
1 4 2  F O R M A T I I H O , ' E I G E N V E C T O R ' , 1 5 )
1 4 3  FORMAT I I HO, ' CORRECT E I G E N V E C T O R S ' )
8 0 1  F O R M A T I /  3 X 1 1 HE I G E N V F C T O R ,  I 3 )
R E A O | 1 , 1 1 ) N , M , N L O T , N O E  I , I F P  
READ I 1 , 1  1 )  ( L O I  I I ) ,  1 = 1  , M )
MI = M 
KX< = 1
NOT =  1
NOP = O 
NLO = NLOE  
DO 6 0  < = 1 , M
VEC
7 3
V V u  u 
L. U; L U 

























*-• y » CC d z
y ir C n r W z IIZ 0 d ILc z < n z 0* en û
C 2 Z c o o tr Il : y tu n (T
_i Z z cr o z Z mc cc (V s N Cl cc c S y y II cc c s 4t o N CL oII II II cv c/5 y y II r z
-) II II If IL II y II y II II IL' ün r r. r T3 n n m n y y n r r r. m r? ry O a a Z o o y d Z ÜJn u u II Il u. 3 ►- II u. IL IL e c j ü. ü s IL IL IL' fO IL a,' IL•n k- v> k k- »- k- k k k «" e k r k k k r k k k u k
H Z il II Q zc C c cr ü & cr or II: C o: 0 tt d c r a Z u d C c cr a c d cr c <• c_j D c X m 3 %% tr. u » 3 3 c •1 e 3 1/3 IL' 3 C 3 3 3 o 3 3 u u 3
o c - fV’ o C C N r 0c in o e r r K mm
u u  u  u U U L
WR I T e  ( 3 ,  1 0  ?  ) ( I .  E VA L ( I ) t n n  < T ) ,  I = 1 , MI ) 
DO 4  I = I .  M I 
WRI TE ( 3 . 3 0 1 ) 1  
4 W R I T F < 3 ,  1 O ) ( F V F C < J t I ) . J = 1 , M I >
WRI TE( 3 ,  1 7)
C
C CHANGE C O O R D I N A T E S
C
C
C R E S ^ T  S P  AND EMP M A T R I C E S
C
DO 4 4  K = I , M I  
L = L O K K K . K )
DO 4 4  1 =  1 . M I
J  = L O ( K K K . I )
S P ( I . K )  = S ( J . L )
4 4  E M P ( I . K ) = F M ( J , L >
P = 0 . 0
PM = 0 . 0  
DO 4 ?  1 = 1 . N 
DO 4 8  N < = 1 . M I  
NKO = L O ( K K K . N K )
I F ( N X 3 -  I ) 4 3 .  5 0 .  4 8  
4 8  C O N T I N U E
o n  4  1 J n  = 1 . MI 
J  = L O K K K . J D )  
o n  4 0 KN = I . MI  
KA = L O ( K K K . K N )  
p = p ♦ E VF C ( K N .  JO ) 4>S( I . K A  )
PM = PM » E V E C ( K N . J n ) * E M ( I . K A *
4 9  C O N T I N U E
D K P t J O )  =  P 
D K 3 ( J O )  =  PM 
PM = 0 . 0  
P = 0 . 0




on 45 j n = l , M I  
J  = L n ( K K K , J O >
5 ( J .  I I = n < 2 ( J 3 )  
FM(  J , I ) -  O K I ( J O I
S ( I , J )  = S ( J . t )  
ftM{ I ,  J  ) = EM{ J .  I )
C O N T I N U E  
C O N T I N U E
C E I G E N V E C T O R  C A L C U L A T I O N S
C
C OO 315 JA =1 .N
C DO 3 1 3  L = 1 . M l
C LA = LO(KKKtL)
C D K 2 ( L A »  = 0 . 0
C OO 3 1 2  MK = 1 , M T
C LOO =  L O ( K K K . M K )
C 3 1 2  O K 2 ( L A )  =  X ( J A , L O O ) 4 E V E C ( MK. L ) + O K 2 f L A » 
Z 3 1 3  C O N T I N U E  
C DO 3 1 4  LK = 1 , M I
C LA -  L O I K K K . L K )
C 3 1 4  X ( J A . L A )  = D K 2 ( L A »
C 3 1 5  C O N T I N U E  
C DO 3 7 0  1 = 1 , N O E I

















D I A GON A L  I Z E  SP» AND EMR M A T R I C E S
DO 2 3  1 = 1 . M l
DO 2 3  J = 1 , M I  
COI  I . J  » =  0 , 0  
C M ( I , J »  =  0 , 0  
DO 2 3  K = 1 , M I
C M ( I . J )  =  C M ( I , J >  E E V F C ( K . I ) * E M R ( K . J )  
2 3  C D ( 1 , J )  = C O I I . J l  *  E V E C ( K . I ) * S P ( K . J )  
DO 2 4  1 = 1 , MI
DO 2 4  J  =  1 , MT
F M P < I . J »  =  0 . 0
S P ( I , J )  -  0 . 0
n o  24 K = 1 , MI
E M P ( I . J )  =  E M O ( l . J )  + CM( I ,  < ) * r V F C (  K , J  )
2 4  S P ( I . J )  =  S P ( I . J )  + c n ( t . K ) ♦ F V F C ( K , J >
DO 2 5  K = 1 , MI
L = L O I K K K . K )  
n o  2 5  1 = 1 . MI
J -  L O ( K K K . T )
S (  J  .1,  > =  S P (  I t K )
2 5  E M ( J . L )  =  EMP(  I . K)
W R I T E ! 3 . 1 7 )
KOK = KKK
C
c  c a l c ü . a t e  c h a m g e s  i n  e i g e n v a l u e s
C
l E ( N n P )  2 0 1 . 2 0 0 . 2 0 1  
2 0  1 KKK = 0  
2 0 2  KKK = KKK+ I  
2 0 0  C O N T I N U E  
MU = KKK 
KU = L O I ( M U )
ELAM = E V A L ( M U )  
o n  3 0  1 = 1 . N
o n  3 6  J = I . M I  
JO =  L O I < J )
I = ( I - J O )  3 6 . 3 5 . 3 6  
3 6  C O N T I N U E
D K 2 ( I ) = ( 5 ( K U . I ) TS ( K U . I )E E V A L( M U )* E V A L ( M U ) * E M (K U. I )* E M (K U.I ))/ 
I ( E M ( K U , K U ) * E M ( I . I ) * ( E V A L ( M U ) - ( S ( I . I ) / E M ( I . I ) ) ) )
GO TO 3 0  
3 5  D K 2 ( I ) = 0 . 0
3 0  ELAM = ELAM T D K 2 ( I )
Wn I T E ( 3 .  I 7  )
W R I T E ! 3 . 0 )  K K K . E V A L ( M U )
W R I T E ( 3 . R )
W R I T F ( 3 . » 0 ) < r ) K 2 ( J ) t J = l . N )
W R I T F ( 3 . 1 3 )  Rl . AM
r
C u s  I NK P A V L F i r . H ' S  3 U 0 T I F N T
C
KA = <KK 
KU = L O I ( K A )
DO Q7  J = I  t N 
DO 9 3  J O = l . M I  
KO = L O I ( J O)
I F (  K O - J ) 9 3 , 9 4  t 9 3
9 3  C O N T I N U E  
GO TO 9 5
9 4  V E C ( J )  =  0 . 0  
GO TO 9 7
9 5  V E C ( J )  = < S ( K J , J ) - E V A L t < A ) « E M I K U , J ) ) / (  ( E V A L I K A ) - ( S (  J , J )  / E M (  J ,  J )  ) ) 
l * F M ( J , J ) * ( E M ( K U , K J ) * * 0 . 5 ) )
9 7  C O N T I N U E
V E C ( K U )  =  I . 0 / ( E M ( K U , K U ) * * 0 . 5 )
I F { I F R ) 0 3 . 8 2 , 8 3
8 3  W R I T E ! 3 . 2 1 )
W R I T F ( 3 . 1 0 ) ( V E C ! I ) , 1 = 1 , N)
8 2  C O N T I N U E
DO 9 1  1 = 1 , N
8 ( 1 ) = 0 . 0
OO 9  I J = 1 , N 
9 1  8 ( 1 )  =  8 ( 1 )  ♦ V E C ( J ) * S ( J , I )
FNUM =  0 . 0
DO 9 0  1 = 1 , N
9 8  FNUM =  ENUM «■ 8 ( I ) * V E C ( I )
DO 9  5  1 = I , N
0 ( 1 )  =  0 . 0
0 0  9 5  J = l , N
9 5  0 ( 1 )  = 8 ( 1 )  + V E C ( J ) * E M ( J . I )
ONOM = 0 . 0
DO 9 9  I = I , N
OQ r)NTM = 3NinM f  n ( i ) * V F r ( i )  
f l a m  =  F N U M / ' D N O M  
WOI TF < 3 .  1 7 )
WPI  1 ,  1 A ) FLAM 
| F ( M 0 O )  ? 0 3 . a 5 . 2 0 1
2 3  3 I F t N O F I - K K K J  2 0 ? , 2 0 4 , 2 0 2  
2 0 4  KKK = KOK 
GO TO OO
C C HOOS z  TF RMS  - O R  REWORKI NG E I G E N V A L U E  OROOLFM
C
R 5  C O N T I N U E
W R I T E ! 3 . 1 5 )
DO 8 7  J = l , KKK 
L O ( K K K . J )  = L O l ( J )
8 7  E V F C ( J . K K K )  = 0 . 0 3 0
NU = KKK 
0 0  8 6  1 = 1 , MI 
VAL =  O A B S I F V E C ! I , K A ) )
I F ( V A L - 0 . 0 1 ) 8 6 , 0 6 , 8 0  
9 8  NU = NU + 1
L O(  K K K , NU)  =  LOI  ( I )
8 6  C O N T I N U E
P E R  = N P F R  
MOD = N U + 1  
DO 3 2  K = M O P , N L O  
S UE 5  = A O S ( O K 2 ( 1  ) )
NOGU = 1
DO 3 1  1 = 2 , N
I F !  c u e  S - A O S !  OK 2 !  I ) ) ) 3 4 ,  3 1 , 3 1  
3 4  GUES  = A 0 S ! D K 2 ( I ) )
NOGU = I 
3 1  C O N T I N U E
L O ! K K K , K )  -  NOGU  
O K 2 I N O G U )  = 0 . 0  












c  0 5 0
CONTINUE 
t - ( N O P )  7 5 * 7 6 , 7 5  
I F ( N O F T - N I T ) 7 7 , 7 0 ,
KKK = KKK+l  





N O T  =
GO TO 
KKK =
N O O  =
MI = NLO
C O N T I N U r
CONT I N UE
KKK = KKK+l
OO 8 4  K = l , N L n
L O I ( K )  =  L O ( K K K , K )
I F ( N 0 5 I - K K K ) O O O , l O O , 1 0 0  
C O N T I N U E  
W R I T E ( 3 , 1 8 )
W R I T E ( 3 , 1 4 3 )
DO 0 5 0  1 = 1 . N O E I
WRI TE<  3 ,  1 4 2 ) I 
L AM =  C V E C (  I )
W R ! T E ( 3 , l O X  X ( J , L A M ) * J = l » N )









S U' I Rn UT  I N9  F T n N ? ( 4 , q , C . F V A L , N , N F R R . F n ^ )
D n U R L F  PRFCI Sr Of >J  A ( PO ,  ?  f) ) ,  H ( ? 0  ,  Pf) ) ,  C ( 2 0  ,  ?  O ) ,  F V AL ( ?  O ) ,  SUM 
n I MnMS t ON - 0 0 ( 1 )
C
C T O I A N G U L A O I Z F  R
C
N E O R = 0
T= ( n ( 1 , 1 ) . L F . 0 . 0 0 )  GO TO 0 0 0  
C(  t ,  1 ) = O S O R T ( 0 ( 1 , 1 ) )
DO 1 1 = 2 , N
1 C ( 1 , 1 ) = B ( I . 1 ) / C ( 1 , 1 )  
o n  ’  J = 2 , N  
0 0  2  I = 1 , N  
I F (  I - J ) 3 , 4 , 5
3 C ( T , J ) = O . D O  
GO TO ?
4  K K = J - l  
SUM = 0 , 0 0  
DO 6  K = 1 , KK
5 S U M = S U M + C ( J . K ) * * 2  
1 = ( 8 ( J . J ) . L T . S U M )  GO r o  OOl  
C ( I , J ) = O S Q R T ( R ( J , J ) - S U M )
GO TO 2  
5  K K = J - t  
S U M = 0 . OO 
o n  7  K = I , K K  
7 S U M = S U M + C ( I , K ) * C ( J , K )
I F ( C ( J , J ) . F Q . O . OO ) GO TO 0 0 2  
C(  I . J ) = ( R (  I , J ) - S U M ) / ' C ( J , J )
2  C O N T I N U F
C I MVFRT THF T O I A H G J L A R  MA T R I X
o n  1 1  I = i  , N  
OO 1 1  J = 1 , N 
I = ( I - J ) 1 2 , 1 3 , 1 4
c
c
1 ? R( r . J » =0 . n o  
e n  T D 1 I
IT  R ( J , J ) = 1 . 0 0 / C ( J , J ) 
r . n  T o  t I 
1 4  KL = J  +1  
K U =  t - t
i c r (  K U - K L )  t  R ,  t  ft ,  l  6
t S  R(  I .  J ) = - C (  [ ,  J  ) * 3 (  J ,  J ) /  c ( t . r )
a n  T n  11
I ft s ü M = o . n o
DO 1 7 K = K l . ,  KU 
I 7  S U M = S U M + C ( I , K ) * n ( K , J )
0 (  I . J )  = - ( C (  I , J ) * f 3 t  J . J  ) + S UM > / c  ( I ,
I I  C O N T I N U E





OO 2 1  1 = 1 . N
DO 2 I J = I . N 
C( I . J ) =0 . 00  
DO 2  1 K = I , N
2 1  C I I , J ) = C ( I . J ) + R  ( I , K ) * A ( K . J )
00 22 1 = 1 . N
DO 2 2  J = I , N 
AI  I .  J )  = 0 . DO 
OO 2 2  K = I , N
2 2  AI I ,  J ) = A I I .  J ) + C { I , K ) * 0 (  J , K )
CONVERT TO VECTOR S T O R A G E  MODE I
K = 0  
L = I
DO 4 1  J = I , N  
DO 4  1 1 = 1 , J
K = K + I
3 9  I = ( K - 2 0 ) 4 I , 4 I , 4 0
4 0  K =  I
L = L +  1
4 1  A ( K , L ) = 4 ( T , J )
r  S O L V P  F O R  F  l r , F V J V A L ! J F S  A N D  C I F,F N V “ C T DR S  DF  A
C
C A L L  D F I G E N ( A . C , N . O . N R t F R R )
DO 4  4  I - 1  , N 
I I = I  *  < I - I  ) / 2  +  I
I C = 1  + ( I I - I  > / ? o
I R = I t - P O * ( ( I I - t ) / ? 0 >
NA =r N - I  +  1 
4 4  E V A L ( N A )  =  A ( I R . I C )
I J  = 0
DO 4  7  J = 1 ,  N 
DO 4 7  1 =  1 ,  N
[ J = I J + l
I C = I + ( f J - I ) / 2 0
I R = I J - 2 0 * ( ( I J - 1 ) / 2  0 )
47 A( i . j )=c( i R, rc  »
DO 4 8  1 = 1 . N
DO 4 8  J = I , N
4 8  C ( I . J ) = A ( I , J )
C
C COMMUTE E I G E N V E C T O R S  OF O R I G I N A L  PROBLEM
C
2 3  o n  2 4  1 = 1 . N 
OO 2 4  J = 1 . N  
A ( I . J 1 = 0 . DO 
OO 2 4  K = l . N
2 4  A(  I . J ) = A (  I . J ) T 8 I K .  I ) * C ( K , J )
C
C N O R MA L I Z E  E I G E N V E C T O R S
C
n o  2 6  J = ! . N
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S U B R O U T I N E  D E I G F N  
P U R P O S E
COMPUTE E I G E N V A L U E S  AND E I G E N V E C T O R S  OF  
MAT RI X
A REAL S Y MME T R I C
US AGE
CALL OF I G E N f  A . R . N . M V )
D E S C R I P T I O N  OF P A R A M E T E R S
A —
N -  
MV-
I N C O MP U T A T I O N ,  
DI A G ON A L  OF
O R I G I N A _  MA T R I X  ( S Y M M E T R I C ) ,  D E S T R O Y E D  
R E S U L T A N T  E I G E N V A L U E S  ARE D E V E L O P E D  I N  
MA T R I X  A I N D E S C E N D I N G  O R D E R .
R E S U L T A N T  MAT RI X OF E I G E N V E C T O R S  ( S T O R E D  C O L U M N WI S E ,  
I N SAME S E Q U E N C E  AS  E I G E N V A L U E S )
ORDER OF M A T R I C E S  A AND R 
I N P U T  CODE
0  COMPUTE E I G E N V A L U E S  AND E I G E N V E C T O R S
1 COMPUTE E I G E N V A L U E S  ONLY ( R  NE E D NOT BE
D I M E N S I O N E D  BUT MUST S T I L L  A P P E A R  I N  C A L L I N G
S E Q U E N C E )
REMARKS
O R I G I N A L  MAT RI X  
MA T R I X  A CANNOT
A MUST BE 
BE I N  THE
R E A L
SAME
S Y MME T R I C  ( S T O R A G E  M O D E = I ) 
L O C A T I O N  AS MA T R I X  R
S U B R O U T I N E S
NONE
AND F U N C T I O N  S U B P R O G R A MS  R E Q U I R E D
m e t h o d
D I A G O N A L I Z A T I O N  METHOD O R I G I N A T E D  BY J A C O B I  AND A D A P T E D  
BY VON NEUMANN F OR LARGE COMP UT E RS  AS F OU ND I N  « MAT HE MAT I C  
METHODS F DR D I G I T A L  C O M P U T E R S ' ,  E D I T E D  BY A .  R A L S T O N  AND
E I G E N O O l  
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E I G E N O O R  
E I G E N O O D  
E I G E N O l O  
E I G E N O I  I 
F I G F N O I ?  
E I G E N O 1 D 
E I G E N O 14  
E I G E N 0 1 5  
E l G E N O I  6  
E I G E N O 1 7  
E I G E N O I 0  
E I G E N O l 9  
E I G E N O a o  
E l G E N O 2  I 
E T G E N 0 2 2  
E I G E N 0 2 3  
E I G E N 0 2 4  
F I G E N 0 2 5  
E I G E N 0 2 6  
E I G E N 0 2 7  
E I G E N 0 2 R  
F I G E N 0 2 9  
E I G E N O 3 0  
E I G E N 0 3 I  
E I G E N 0 3 2  
E I G E N 0 3 3  
E I G E N 0 3 4  
A L E I G E N 0 3 S  
E I G E N 0 3 6
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I == ( I -  J )  2 0  t I 5  , 2 0  
R(  I J 1 = 1 . 0 + 0 0  
CONT I NIIP
C O M P U T R  i n i t i a ,  a n o  f i n a l  n o r m s  ( AN O R M ANO A N O R M X )
ANORM= 0 . 0  + 0 0  
DO 3 5  1 = 1 , N
0 0  3 5  J = I , N
I F (  I - J  ) 3 0  ,  3 5 ,  3 0
I A = I + ( J * J - J > / 2  
A N O R M = A N O n M + A ( I A ) O A ( l A )
C O N T I N U E
I F ( A N O R M )  1 6 5 . 1 6 5 . 4 0  
A N O R M = 1 . 4 I 4 D + 0 0 * O S Q R T ( A N O R M )
ANRMX = AN O R M * ! . 0  0 - 1 2
I N I T I A L I Z E  I N O I C A T O R S  AND COMP UTE T H R E S H O L D .  THR
NR = 0  
I N 3  = 0  
THR=ANORM  
T H R = T H R / F L 0 A T ( N )
L=  I 
M = L + 1
COMPUTE S I N  AND COS
M 0 = { M * M - M ) / 2  
L Q = ( L * L - L ) / 2
l m = l + mo
I F ( O A B S ( A ( L M ) ) - T H R ) 1 3 0 . 6 5 , 6 5
1 NO= I 
N R = N R + I  
L L = L + L Q  
MM=M+MQ
E I C E N 0 7 3  
E I G E N O 7 4  
I GF  NO 7 5  
F  I G E N 0  7 6  
F I G E N 0 7 7  
E I GEN 0  7 0  
E I G E N 0 7 R  
E I G F N O n o  
E I GE N OOl  
E I G E N 0 0 2  
E I  GEN 0 0 3  
E I G E N 0 0 4  
E I G E N 0 0 5  
F I G E N 0 0 6  
E I G E N 0 0 7  
EI GENOMO  
E I G E N 0 0 9  
E I G E N 0 9 0  
E I G E N 0 9 I
E I G F N 0 9 2  
E I G E N 0 9 3  
E l G E N 0 9 4  
E I G E N 0 9 5  
E I G E N 0 9 6  
E I G E N 0 9 7  
E I G E N 0 9 H  
E l G E N 0 9 9  
E l  GEN I 0 0  
E I G E N I O I  
E l  GEN I 0 2  
E I G E N I 0 3  
E I  GEN 1 0 4
E I G E N 1 0 5  
E l  GEN I 0 6
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'1M= J  + (
I F < A ( L U ) - A ( M M > )  1 7 0 . i n s , 1 8 5
1 7 0  X = A ( L L )
A< L U ) = A ( MM)
A(MM > = X
I F ( M V - l )  1 7 5 , 1 8 5 , 1 7 5  
DO 1 8 0  K = 1 , N 
I L R = I Q + K  
I MR = JOl - K 
X = R ( I L R )
R < I L R ) = R < I M R )
R ( 1 M R ) = X  
C O N T I N U E
COMPUTE ERROR I N
1 7 5






E I C E N 1 7 9  
E I G E N l 8 0  
E I G E N I 81  
E I G E N I  8 2  
E I G E N I 8 3  
E I G E N l 8 4  
E I G E N l 8 5  
E I G E N I 8 6  
F I G E N 1 8 7  
E I G E N 1 8 B  
E I G E N I R O  
E I G E N 1 9 0  
E I G E N I Q I
: I G E N V A L U E S
DO 5 4  1 = 1 , N
E R R * I ) = 0 . 0
DO 5 4  J = 1 , N
I F !  I - J )  5 1  , 5 4 , 5 1
CAL L  L O C (  I .  I ,  I I , N , N , 1 )
CALL L O C ( J , J , J J , N , N , 1 )
CAL L L O G ( I , J , I J . N , N , 1 )
D E M = D A R S ( ( A ( I I ) - A ( J J ) ) * A ( I I ) )  
I E ( D E M )  5 2 , 5 3 , 5 2  
D E M = 2 . 0 * A ( I J )
E R R ( I > = F R R ( I ) + 2 . 0 * ( A { I J  ) ) * * 2 / O E M
C O N T I N U E
RETURN
END
E I G E N 1 9 2
